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Mathematicians and Redistricting

The following three groups of mathematicians have had the strongest impact 
on court cases involving redistricting:

•Metric Geometry and Gerrymandering Group (Tufts/MIT)

•Quantifying Gerrymandering (Duke)

•Princeton Gerrymandering Project
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The following three groups of mathematicians have had the strongest impact 
on court cases involving redistricting:

•Metric Geometry and Gerrymandering Group (Tufts/MIT)

•Quantifying Gerrymandering (Duke)
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Understanding the basics of some of their work can give us valuable insight 
into how mathematics is applied to redistricting maps and court cases.
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If you roll a standard 6-sided die, what is the probability of rolling each side?



Probability and Expected Value

If you roll a standard 6-sided die, what is the probability of rolling each side?

This is an example of a probability distribution (what is expected to happen).



Probability and Expected Value

Suppose you roll a 6-sided die 25 times and record the results.

1: 5 times

2: 2 times

3: 4 times

4: 6 times

5: 3 times

6: 5 times

This is an example of a empirical distribution (based on your sample).



Probability and Expected Value

The expected value is the weighted average of all possible outcomes.

In rolling a 6-sided die, each number 1-6 occurs 1/6 of the time so
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6, 5, 1, 3, 6, 3, …

How does the average change with each roll?
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Probability and Expected Value

Suppose our 25 rolls of the die from before happened in order as

6, 5, 1, 3, 6, 3, …

How does the average change with each roll?

First roll: 6 Average = 6

Second roll: 5 Average = (6+5)/2 = 5.5

Third roll: 1 Average = 12/3 = 4

Fourth roll: 3 Average = 15/4 = 3.75

Fifth roll: 6 Average = 21/5 = 4.2
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The main idea is that with more and more trials, our empirical distribution will 
get closer and closer to the actual probability distribution and any calculated 
values will get closer and closer to the expected or average values.



Probability and Expected Value

The main idea is that with more and more trials, our empirical distribution will 
get closer and closer to the actual probability distribution and any calculated 
values will get closer and closer to the expected or average values.

Let’s try some simulations to see some examples in action.



Probability and Expected Value

In general, there are many things that are quite difficult to calculate exactly, but 
in which (many) samples can easily be taken and calculated to approximate the 
true value.

The general processes of repeated random sampling to estimate a value are 
called Monte Carlo methods.

These methods are applied in many fields, including computer science, 
statistics, mathematics, biology, engineering, finance, law, etc.



Random Walks

Suppose an ant was to walk along the keys of a keyboard. The graph below 
shows a keyboard and which keys are next to each other.



Random Walks

Let’s say the ant started on the letter Q. They could then travel to A or W, with a 
50% chance of each. Let’s say heads is A, tails is W.



Random Walks

You flip a tails and proceed to W. There is now a 25% chance of going to each of 
the four letters Q, A, S, E (it doesn’t matter that the ant was just on Q, all 
directions are equally likely). 



Random Walks

There are multiple types of questions we might be interested in:

•What is the distribution of letters after a lot of steps?

•What is the distribution of letters that are reached after 𝑛 steps?

Let’s try some more simulations – enter results on this spreadsheet.

https://trincoll-my.sharepoint.com/:x:/r/personal/kevans3_trincoll_edu/_layouts/15/guestaccess.aspx?e=a29BAC&share=EdjuJ6wAsnZPvE268SbEQr4BEeTxc-SoSo_D3lG7yqwhGw


Random Walks

Once again, there are many types of random distributions that are difficult to 
calculate exactly, but can be approximated by a sequence of random actions.

The general processes of simulating sequences with random actions that only 
depend on your current location (previous actions have no effect on current) 
are called Markov Chains.

These methods are applied in scenarios involving the prediction of behavior, 
such as Google’s PageRank algorithm or iPhone’s auto-fill text.



Markov Chains

Important facts:

No matter what point you start the random walk at, if you take a lot of steps, the 
distribution of points will look very similar (they should be identical in theory).

And the points with a higher degree (the number of lines connected to it) will 
show up more often in the random walk than points with a lower degree.



MCMC and Redistricting

Mathematical methods that use ideas from Monte Carlo methods and from 
Markov Chains at the same time are called MCMC methods.

So how are simulations and random walks on graphs related to district maps 
and judging whether a district map is fair or unfair?



Grid examples

Let’s start simple: Consider all 3x3 grids (maps) divided into 3 equal and 
connected pieces (districts).

Can you draw all 10 possible grids?



Grid examples



Swap move

How do we “move” from one district plan to another? Randomly swap the 
districts of two boxes if a new valid districting plan is formed.
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Swap move

How do we “move” from one district plan to another? Randomly swap the 
districts of two boxes if a new valid districting plan is formed.



Metagraph

We can then create a metagraph (graph of graphs) with graphs connected if 
they can be reached from a single swap move.

Can you find other pairs of graphs from our list of 10 that are separated by a 
single swap move?

A E



Metagraph

We can then create a metagraph (graph of graphs) with graphs connected if 
they can be reached from a single swap move.



Partisan Considerations

What about the partisan nature of the map?

Suppose the grid has the following distribution of Stars and Diamonds:

Then for every possible districting plan, we can see how well each party performs.



Partisan Considerations

Looking at the metagraph, the grids in which wins more districts are colored in 
blue and the grids in which ⧫wins more districts are colored in red.

You could then take a random walk on this
graph and see how well each party performs
over a large number of steps (trials).



Scale of the Problem

In our 3x3 example, we found every possible grid and could create a complete 
metagraph, so there’s no need for sampling or random walks – we could find 
probabilities exactly (but it illustrates the idea).

Let’s look at 4x4 graphs, then 5x5 graphs, then 7x7 graphs…

https://mggg.org/metagraph/

https://mggg.org/metagraph/


Scale of the Problem

In reality, maps can be viewed as graphs with dots representing a geographic unit 
(county, Census block, etc.) and lines between them if they border each other.

Remember the different scales of statistics taken by the Census?



Graph of CT (County) – 8 points



Graph of CT (County subunit) – 173 points



Graph of CT (Census tracts) – 833 points



Graph of CT (Block groups) – 2,585 points



Graph of CT (Census blocks) – 67,578 points



Challenges

Not every district map is allowed, programs / algorithms adjust to remove 
simulated plans that do not meet redistricting criteria:

•Equal population

•Contiguous

•Compactness

•Voting Rights Act

• Town/County borders



Main Takeaway

The number of possible redistricting plans in any state example using Census block 
data is beyond calculation, but random walks will always produce close to the 
distribution that we’re interested in no matter what point we start at!

In other words, we can select a districting plan of interest, then run a lot of swap 
move simulations with a random walk on the metagraph and see how the parties 
perform in every district plan in the simulation.

If the plan of interest is an outlier among the simulations, we have extremely strong
evidence of gerrymandering!


