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ABSTRACT. In motor task learning by instruction, the in- 
structoi's skill and intention, which, initially, are extrinsic con- 
straints on the learner's perceiving and acting, eventually be- 
come internalized as intrinsic constraints by the learner. How 
is this process to be described formally? This process takes 
place via a forcing function that acts both as an anticipatory 

- (informing) influence and a hereditary (controlling) influence. 
A mathematical strategy is suggested by which such intentions 
and skills might be dynamically learned. A hypothetical task is 
discussed in which a blindfolded learner is motorically in- 
structed to pull a spring to a specific target in a specific man- 
ner. The modeling strategy involves generalizing Hooke's law 
to the coupled instructor-spring-learner system. Specifically, 
dual Volterra functions express the anticipatory and hereditary 
influences passed via an instructor-controlled forcing function 
on the shared spring. Boundary conditions (task goals) on the 
instructor-spring system, construed as a mathematical (self- 
adjoint) operator, are passed to the learner-spring system. 
Psychological interpretation is given to the involved mathe- 
maticaf operations that are passed, and mathematical (Hilbert- 
Schmidt's and Green's function) techniques are used to ac- 
count for the release of the boundary conditions by the in- 
structor and their absorption by the learner, and an ap- 
propriate change of their power spectra. 
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Section 1. Introduction 

D ynamical learning theory must explain how a task- 
defined intention becomes internalized by a 

learner. In learning a new skill, by definition, the task 
intention must be imposed on the learner from the out- 
side, say, by feedback from an instructor or by trial and 
error. Operationally speaking, a task-defined intention 
can be considered to be learned when it comes to act as 
an intrinsic rather than extrinsic constraint on the 
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learner's perceiving-acting cycle. In other words, im- 
posed constraints must become assimilated constraints 
so that one's actions are self-controlled. Exploring can- 
didate mathematical techniques for expressing this proc- 
ess of assimilating intention into self-control-what one 
might call intentional learning-is the central issue of 
this paper. 

Our primary aim is to suggest a modeling strategy 
rather than a model, by means of which assimilation of 
the task-intention to self-control might be represented 
formally in models of the same mathematical type. 
Hence, our goal is not to consider the relative worth of 
competing models. Rather, it is to provide a generic the- 
oretical framework for treating learning as a problem 
for dynamical systems theory in general-a framework 
that has come to be called intentional dynamics (Kugler, 
Shaw, Vincente, & KinseUa-Shaw, 1990; Shaw, 1987; 
Shaw & KinseUa-Shaw, 1988; Shaw, Kugler, & KinseUa- 
Shaw, 1990). 

Students of movement science recognize that a variety. 
of mechanical models described by ordinary differential 
equations (ODE) can be used to characterize a broad 
class of diverse phenomena in the field of self-regulated 
actions (Berstein, 1967; Hinton, 1984; Kugler & Turvey, 
1987; Whiting, 1984). One of the most commonly ap- 
plied types is the second-order ODE (SODE) commonly 
used to express Newton's law (F = mx) and Hooke's 
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law (F = - kx). A large variety of models use SODEs 
to characterize muscle strain or limb movement as dy- 
narnical systems, such as springs or the formally similar 
pendula. Numerous experiments have supported the 
spring-like behavior of various aspects of the motor sys- 
tem (Bizzi, 1980; Cooke, 1980; Feldman, 1966a, 1966b, 
1980, 1986). Related studies have treated action system 
components as coupled oscillators (Beek, 1989; Beek & 
Beek, 1988; Kelso & Kay, 1987; Kugler & Turvey, 1987; 
Schmidt, 1990). Why this variety of dynarnical action 
models? Perhaps, this variety exists because the basic bi- 
omechanical, physiological, and psychological proc- 
esses underlying actions are not yet perfectly under- 
stood. 

Most models address the problem of coordination at 
the biomechanical or physiological levels of analysis. A 
remaining question is whether SODE-based models, re- 
gardless of their differences, permit any common tech- 
niques for handling the role of intention in learning-a 
purely psychological level of analysis. Are there general 
mathematical techniques that the family of SODE mod- 
els might use t o  describe how an extrinsically imposed 
task intention becomes internalized by a successful 
learner so that intention acts as an intrinsic rather than 
an extrinsic constraint? An attempt to answer this ques- 
tion in the affirmative is a major focus of intentional 
dynamics. 

Specifically, the class of dynamical models will be ex- 
- tended to cover intentionally guided learning processes. 

Such processes are required if a system is to adapt to en- 
vironmental exigencies, to develop requisite skills, and 
to improve skill accuracy in pursuit of goal-directed 
behaviors, especially those that achieve success only 
after repeated attempts. Although most forms of learn- 
ing may involve repeated efforts, not all do. (For in- 
stance, warm-up effects, one-trial learning, adventitious 
learning, transfer effects, and learning sets, i.e., learn- 
ing to learn, are examples of learning effects that do not 
necessarily require repeated efforts. Hence, another re- 
cquiredent for realistic learning theories is to show how 
all such learning effects might fall naturally under adap- 
tive dynarnical models.) 

The essence of mathematical modeling goes beyond 
the arbitrary ascription of properties of natural systems 
to the formal properties of mathematical equations. For 
the dynamical model to be semantically appropriate, the 
formulation of its equations must mirror the intrinsic 
arrangement of the most significant properties of the 
natural system. This means that the ascription of math- 
ematical properties to their referent natural properties 
must not be arbitrary but must be abstractly equivalent 
(isomorphic) at some critical level of analysis. Whereas 
legitimate functional criteria exist by which models 
might be evaluated, such as their predictive power, there 
are also structural criteria, such as their descriptive 
power. Scientists often overlook the importance of the 
latter requirement because its usefulness is less obvious 

. . 

than the former. Although the predictive requirement is 
seen as pragmatic, the descriptive is often spoken of pe- 
joratively as merely aesthetic. There are notable excep- 
tions to this opinion, however. 

Einstein stressed that the physical properties of fields 
must be taken as real rather than as mere fictions, 
whereas mechanical theories with the ether assumption 
should not, even though they may be functionally equiv- 
alent. Thus, competing, functionally equivalent mathe- 
matical models that are descriptively different are not to 
be granted the same ontological status (Einstein & In- 
feld, 1938/1966). In a similar vein, it has been argued 
vigorously that Turing machines provide a better class 
of models for mental processes than connection ma- 
chines because the former have intrinsic formal proper- 
ties (e.g., compositionality) that better reflect cognitive 
processing than the latter (Fodor & Pylyshyn, 1986). 

Our interest in these issues was heightened when cer- 
tain semantic shortcomings of ODE-based models be- 
came clear to us. ODE models treat as extrinsic and ar- 
bitrary key properties of the intentional learning process 
that, for psychological reasons, should be treated as in- 
trinsic and necessary to this process. (The extrinsic 
properties of concern are discussed in detail in Section 
2.) Functional analysis provides another technique for 
modeling, what are known as integro-differential equa- 
tions (IDE; Appendix B) that, following Shaw and Alley 
(1985), may prove potentially more appropriate (also 
see Newell, 1991). Although ODE models can be con- 
structed that are formally equivalent to any IDE-based 
models, the two classes of models are not semantically 
equivalent with respect to their psychological import; 
nor are they equally convenient formulations to solve. It 
is fair to say that behavioral scientists have much more 
experience formulating and solving ODE-based models 
for the same processes. But this familiarity and conven- 
ience does not automatically make the former better se- 
mantic models for intentional learning than the latter. 

Consequently, for ease of solution, it is often better 
to formulate a problem initially as an ODE and then, 
for ease of semantic interpretation, to reformulate it 
later as an IDE. A method for carrying out these two 
steps will be outlined and discussed. The best psycholog- 
ical models are those whose mathematics not only make 
interesting predictions b u t  whose i n t ~ s i c  structure 
allows for the most natural ascription of the relevant 
psychological properties. It seems reasonable, there- 
fore, that one consider incorporating methods (e.g., 
Sturm-Liouville method) into our modeling strategies 
for translating ODE models into formally equivalent 
but semantically distinct IDE models. Before consider- 
ing the techniques for translating ODES into IDEs, the 
claim that IDEs provide a semantically more appropri- 
ate strategy for modeling intentional learning processes 
than ODES must be justified. Otherwise, why should 
one bother? 
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Intentional Learning as a Volterra Equation (IDE) 
After reviewing the problems inherent in drawing 

learning curves to represent learning data, Shaw and 
Alley (1985) concluded that, regardless of one's learning 
theory, learning functions necessarily exhibit a set of 
essential properties. If dynamical models of learning 
processes are to be formally adequate, they must express 
the following facts: 

1. Learning functions are continuously cumulative, 
which is formally equivalent to being monotonically 
increasing functions. 

2. The cumulativity is directional in time, being 
positively directed when constrained by hereditary 
influences (e.g., reinforcement) and negatively di- 
rected when constrained by anticipatory influences 
(e-g., expectancies). 

3. The generic form of learning functions is nonlinear, 
although learning in the linear range comprises a spe- 
cial but important case. (Here, however, we restrict 
our approach to treating learning in terms of linear 
operators.) ' 

Experts typically agree that learning involves a cumula- 
tive function of some kind. Cumulativity expresses the 
fact that the effects of experience are continuously in- 
cremental. The continuity assumption expresses the fact 
that cumulative effects carry over to change later per- 
formance. The directionality property expresses the fact 
that learning is not only positively monotonic-produc- 
ing a savings in time, errors, effort, or some other 
measurable quality that might be used to assess suc- 
cessful task performance-but directional in time. Tra- 
ditionally, learning through reward assumes a past- 
pending, time-forward influence whereas learning 
through expectation assumes a future-tending, time- 
backward influence. By time-forward and time-back- 
ward influences is meant causal versus intentional forms 
of learning. Mathematically, such time-inverted in- 
fluencefc are not at all mysterious; they refer to direc- 
tional integrals. To appreciate the reciprocal role of 
hereditary and anticipatory influences, it is necessary to 
decompose the general form of learning functions into 
their component variables. 

Any function used to represent learning consists of 
two components: a state, variable and a response 
variable. The state variable expresses the disposition of 
the organism to learn, and the response variable ex- 
presses the change in the behavior of the system. The 
state variable can be disposed to facilitate learning, in 
the sense of "learning to learn" (Bransford, Stein, Shel- 
ton, & Owings, 1981) and warm-up effects, or disposed 
to inhibit learning, in the sense of fatigue effects. The 
hereditary influence (or time-forward disposition) and 
anticipatory influence (time-backward disposition) have 
a formal analogue in the generalized version of Hooke's 
famous law. The linear form of Hooke's law, F = - kx 

(see Figure I), treats the elastic coefficient as if it were a 
constant, when, in fact, it is a variable whose value 
changes as a function of frequency of usage (Lindsay & 
Margenau, 1957). Depending on its material composi- 
tion, a spring can become harder or softer with usage, as 
a function of whether the elastic coefficient increases or 
decreases, respectively. For instance, a metal spring will 
soften under usage as more and more microfractures oc- 
cur, infnning its elasticity and sending it further into 
the plastic performance range. By contrast, as muscle 
tissue fatigues from overuse, it becomes increasingly 
hard as a spring. Thus, under this general interpreta- 
tion, the stiffness parameter, k, is no longer a constant 
but assumes a variable disposition. The fact that both 
learning systems and springs are dynamical systems with 
dispositional parameters that may change with usage 
suggests that a mathematical formulation that fits one 
might fit the other equally well. (Caveat: Please note 
that in applying the generalized spring in this article, for 
mathematical simplicity we assumed that no hereditary 
influences on learning are due to fatigue effects.) 

In its simple form, Hooke's law expresses stress as a 
linear function of strain under the fixed initial condi- 
tion, k = constant. By contrast, the generalized version 
of Hooke's law expresses stress as a function of strain 
and a variable k, whose linear or nonlinear course of 
values defines another function. This means that the 
generalized version must formulate Hooke's law as a 
function of variables as well as of another function. A 
function of a function is called a functional. Conse- 
quently, our initial strategy is to treat learning as a dis- 
positional functional that may assume a hereditary 
(time-forward) or anticipatory (time-backward) integral 
form. 

The proper treatment of dispositional functionals 
proved to be a difficult problem in physics until the 
great Italian mathematician Vito Volterra introduced 
the notion of an integra-differential equation (Krarner, 
1970). The techniques needed to formulate the general- 
ized form of Hooke's law can be found in a variant on 

FIGURE 1. Inference to stiffness (k) from stress (F) and 
strain (x) values. 
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FIGURE 2. Simple Hook's law (left) as contrasted with 
the generalized version (right), illustrating hereditary 
changes in stiffness (k). 

classical mechanics known as hereditary mechanics 
(Picard, 1907). These techniques have &o been used for 
modeling living systems that depend on hereditary func- 
tion&, especially in biomechanics (e.g., Fung, 1981). 
The most famous is probably the Volterra-Lotka equa- 
tion for competing ecological systems. Our spring ana- 
logue encourages us to borrow the generic integro-dif- 
ferential equation form used in physics to treat learning 
as being governed by a law of hereditary mechanics, as 
shown below: 

y(t) = *x(t) + ( K (t, s) x(s) ds. (1.1) 

The three properties previously ascribed to the learning 
process now find expression under this Volterra equa- 
tion. Here y(t) is the response (behavioral) variable at 
time t and x(t) is the state (dispositional) variable at time 
t. The k term represents a scaling value of the state 
variable, which denotes the initial capacity to learn. 
(The existence of the *x(t) term makes the linear IDE in- 
homogeneous.) (For derivation of this IDE, see Appen- 
dix B.) 

Perhaps the best way to appreciate this formal anal- 
ogy between springs and learning systems is to draw spe- 
cific parallels. For instance, in the case of the general- 
ized sbring, k is a constant representing its initial stiff- 
ness at a given time before being pulled again; or in the 
case of learning, k is a constant representing the initial 
amount of learning of the system at a given time before 
additional practice. K(t, s) is an operator that represents 
an integral transform, called the coefficient of heredi- 
tary influence. K is a function of additional strains or* 
practice, which adds incrementally and continuously to 
the constant k over the interval from s to t. 

Furthermore, as will be shown later, if the interval is 
temporally inverted so that the integral transform reads 
K(s, t), then the influence of this operator is said to be 
anticipatory rather than hereditary, and to be an IDE of 
the anticipatory rather than hereditary type. Hence, in 
the linear case, the symmetry of the integral transforms, 
K(t, s) = K(s, t) (i.e., Green's operator) opens up the 
possibility that hereditary and anticipatory influences 
might have temporally dual effects that balance each 

" 

other. Such dual IDES are said to be self-adjoint and 
provide the basis for a theory that incorporates infor- 
mation detection as a dual to energy control whenever a 
perceptually controlled behavior successfully ap- 
proaches an intended goal, This provides the formal 
means by which to treat action learning as a hereditary 
influence and perception as an anticipatory influence 
that together comprise reciprocal components of the 
perceiving-acting cycle (Shaw et al., 1990). The possible 
existence of an inner (scalar) product invariant between 
these two temporally dual processes provides evidence 
that perception, as information detection, and action, 
as resource control, might be lawfully related. This 
point is discussed later more fully. 

Addition and multiplication of operators can be de- 
fined in a straightforward manner so that they consti- 
tute an operator algebra (Golden & Graham, 1988). 
Thus, stated algebraically in operator notation, the 
rather complicated IDE is approximated by y = k + 
Kx, where K is the multiplicative factor whose value 
changes as a function of the discrete number of pulls of 
the spring or the amount of practice (Figure 2). But, be- 
cause the effects of strains or practice could, in princi- 
ple, be continuous rather than discrete, it is necessary to 
integrate over the interval (t, s) in which the pulls or 
practice took place. Here, s is the next pull of the spring 
or learning opportunity and t is the last pull or learning 
opportunity. Thus, (t, s) is the interval comprising the 
distribution of strains or practice affecting the changing 
dispositional (e.g., stiffness) curve, as represented by 
the appropriately designated K under the definite inte- 
gral. This complex dispositional variable changes in 
units of strain, x(s) ds (Appendix B). If the hereditary 
influence of K should be nonlinear rather than linear 
(Equation 1.1), then the integral transform term would 
have to be changed to reflect this fact. (The required 
alterations to the formula may be found in Shaw & Al- 
ley, 1985; Appendix B; or Tricomi, 1957.) 

In summary, hereditary influence and hereditary laws 
provide an appropriate way to model action learning- 
construed as the causal effects of learning on the inten- 
tional control of action as a function of past experience 
(e.g., traditionally identified with reinforcement). An- 
ticipatory Volterra equations provide an appropriate 
way to model perceptual learning-construed as a func- 
tion of anticipations of future goal states (e.g., tradi- 
tionally identified with expectancy). As noted, the func- 
tion& that express the law of anticipatory influences on 
learning are mathematical duals of the functionals that 
express the law of hereditary influences on learning. 
This duality relationship is manifested in the inversion 
of the order of terms specifying the interval over which 
Equation 1 is defined with respect to the interval over 
which Equation 2 is defined, as follows: 
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That these equations define functionais rather than 
functions is clear from the fact that they provide map- 
pings from functions to functions, that is, from x(t) to 
y(t) or vice-versa. Because Volterra equations provide a 
formulation for functionals, a single IDE can express an 
infinite set of ODES (Krarner, 1970). (See Appendix B.) 

The Role of Instruction in Learning 

Our approach assumes that learning is a complex 
dynamical process by which two initially uncoordinated 
processes, information detection and action control, 
eventually become sufficiently coordinated to ac- 
complish intended acts. Organisms may learn in their 
environmental contexts with or without the benefit of 
instruction: Instruction might originate from an instruc- 
tor who provides information about the selection of 
goals and the means for obtaining them, including the 
avoidance of thwarts. Or, instruction might take the 
form of self-instruction without intervention or 
guidance from another party-the learner himself sets 
his own goals, (procures his own means, and avoids 
thwarts, without outside assistance. The traditional 
view asserts that learning is governed by laws objectively 
applied to the learning situation. By contrast, this new 
view argues that the learner must learn the laws that 
govern the coordination of perception and action. In- 
tention initializes the laws with respect to the particular 
learning situation and reinitializes them from trial to 
trial or over change in learning situation. 

Instruction orginating inside or outside the learning 
system may be a source of either hereditary or anticipa- 
tory influences on the successful achievement of a goal. 
As pointed out, hereditary influences are past-pending; 
they manifest themselves as the cumulative effects of 
record-keeping or postattunement-postdictive changes 
in the initial conditions that act on the current (detection 
or control) state of the learner. Typically, but not ex- 
clusively, one identifies such hereditary influences with 
reward or reinforcement. The mechanism for hereditary 
influences is (negative) feedback. 

By contrast, anticipatory influences are future-tend- 
ing; they manifest themselves as the cumulative effects 
of expectancies or preattunement-predictive changes 
in informational sensitivities or control constraints- 
that act on the current state of the learner. The mechan- 
ism for anticipatory influences is feedforward-the de- 
sign or reinitialization of a system or device as a func- 
tion of its anticipated use. (See Newell, 1991; Shaw & 
Alley, 1985.) 

Let (self-)instruction be interpreted as feedforward or 
feedback constraints on information or control. The 
feedforward information pertains to the setting of gods 
and the feedback control to the obtaining and executing 
of means to accomplish the goal (including the avoid- 
ance of thwarts). By what strategy do learners become 

successfully instructed to carry out goal-directed ac- 
tivities? 

Circular Causality of Perception and Action 

Perception, construed as the detection of goal- 
specific information, is the primary source of anticipa- 
tory influence on the control of goal-directed actions. 
Action, reciprocally construed as the causal control of 
coordinated behavior, is the primary hereditary in- 
fluence on the detection of goal-specific information. In 
ecological psychology, anticipatory and hereditary in- 
fluences are assumed to enter into a circular causality 
rather than a linear causal chain. This circular causality 
is called the perceiving-acting cycle and is postulated to 
be the smallest unit of analysis for psychological theo- 
ries. Hence, in the final analysis, the dynamical inter- 
play of perception and action provides a single complex 
object of scientific study rather than two individual 
processes that might be studied in isolation. 

In mathematical control theory, the concepts of ob- 
senability and controllability, respectively, make ex- 
plicit some of the core intuitive content behind the ideas 
of anticipatory and hereditary influences on goal-di- 
rected action that are guided by detection of goal-specif- 
ic information. The possibility of using the dual mathe- 
matical concepts of observability and controllability 
(Kalman, Engelar, & Bucy, 1962) will play a central role 
in our development of a theory of intentional learning, 
as discussed in Section 3. 

The Role of Intention as an Operator in Learning 

Of what adaptive value are aimless actions or un- 
directed perceptions? A safe assumption is that adaptive 
value for a living system accrues from intended actions 
that are guided to a successful end by the directed detec- 
tion of relevant information. To do so, the system must 
engage the perceiving-acting cycle under the coor- 
dinating influence of an intentional rule for the percep- 
tual control of action (Gibson, 1979; Shaw, 1987; Shaw 
& Kinsella-Shaw, 1988; Shaw et al., 1990). This inten- 
tional rule specifies the lawful conditions under which 
observable goal-specific information can enter into a 
circular causality with controllable acts so as to satisfy 
an intended goal. Consequently, this is what successful 
learners learn. As abstractions, observability and con- 
trollability are mathematical duals (i-e., mutual and re- 
ciprocal) whenever their cyclic interplay successfully 
leads to goal satisfaction over a minimal path (Kalman 
et al., 1962). 

The circular causality of the perceiving-acting cycle 
means that goal-specific information acts, first, as ante- 
cedent constraints on action consequences and, subse- 
quently, as the consequences of antecedent action con- 
straints. This reciprocal interplay continues iteratively 
to improve the system's goal-directedness and hence the 
specificity of the goal information. The interweaving of 
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action control constraints (controllability) and informa- 
tion detection constraints (observability) repeats in a 
cyclic manner until the intended goal is reached or the 
attempt to do so is aborted. 

Intention, as addressed here, is not merely a philo- 
sophical metaphor nor a phenomenological construct, 
but denotes a system operator. This intentional operator 
mathematically represents the act that selects goal pa- 
rameters and, thereby, specifies the circular logic by 
which information and control constraints mutually re- 
ciprocate. These goal parameters constitute the relevant 
boundary conditions imposed by intention on the per- 
ceiving-acting cycle. Goals require specification in 
terms of kinematic and kinetic parameters. The former 
are called target parameters and the latter manner pa- 
rameters. Together these characterize the actor's initial, 
ongoing, and final state with respect to the intended 
goal state. Target parameters denote the time, distance, 
and direction to contact the target; the manner param- 
eters denote the impulse, work, and torque forces re- 
quired to move the system to the target on time, over the 
requisite distance and direction, respectively. Target pa- 
rameters comprise the specific information to  be detect- 
ed (the observability criterion) and manner parameters 
the specific control to be applied (the dual controllabili- 
ty criterion). Being a target connotes more than just be- 
ing a physical object with an objective spatiotemporal 
location. Being a target connotes the selection of an in- 
tended final state (defined with respect to objects or 
target locations in space-time) from among the set of all 
possible final states (given the initial conditions and 
relevant natural laws). Hence, the target is more aptly 
defined as a kinematically specified family of goal paths 
in space-time. 

Likewise, a manner of approaching a target connotes 
more than momenta values along an arbitrary goal 
path. Rather manner connotes, in addition, the selec- 
tion of the kinetic mode of resource allocation at each 
choice point along a target trajectory. Hence, an intend- 
ed mahner selects from among the set of all possible 
goal paths an individual goal path that satisfies certain 
intended kinetic criteria. Taken together, target and 
manner parameters individuate (or finalize) a kinetically 
determined mode of approach to a kinematically speci- 
fied target from all physically possible space-time tra- 
jectories (allowed under the prevailing initial conditions 
and natural laws). More briefly: An intention selects an 
informationally specified final condition, initializes, 
and reinitializes the governing control laws at each 
choice point on the way to realizing the designated fmal 
condition. Systems that can do this may be said to 
operate in an intentional mode. In general, systems 
must learn to do this. 

Successful attainment of the goal means that the in- 
tention operator has become attuned through learning 
to direct the appropriate interplay of the system's per- 
ceiving and acting until the goal coparameters have been 

nullified. What does this mean when formulated in 
terms of ODEs? In this article, an ODE is considered to 
be in homogeneous form if it can be rewritten with a 
zero on one side of the equals sign and no terms on the 
other side that vary explicitly as a function of time only. 
For example, in the second-order case, an ODE can be 
written as p(t) y + q(t)q + r(t) y = 0. (Please note: the 
sense. For instance, y = F(y/t) also is considered to be in 
homogeneous form in a different contest. For a com- 
in homogeneous form in a different context. For a com- 
parison of the two senses, see Boyce & DiPrirna, 1986, 
p. 88 and p. 1 1 1 .) Recall that a boundary condition is a 
requirement to be met by a solution to a set of differen- 
tial equations on a specified set of values of the inde- 
pendent variables. In terms of an ODE characterization 
of the system, this means that all boundary conditions 
have become homogeneous. The details of this argu- 
ment are discussed later. Because these goal-specific 
boundary conditions are solutions to the dynamical 
equations used to model the perceiving-acting cycle, the 
ODEs used take on homogeneous form if and only if the 
system reaches the goal selected by its intention (Shaw & 
Kinsella-Shaw, 1988; Shaw et al., 1990). Being 
homogeneous simply means that none of the boundary 
conditions for the ODE are extrinsically time- 
dependent; that is, they are nonautonomous. 

The central concept of mathematical duality is dis- 
cussed next. 

A Word About Motivation: Duality in the Spirit of 
General Analysis 

Typically, a function is considered to be a single- 
valued mapping between two sets of numbers; or, as in 
measurement, between a set of geometric properties 
(e.g., length and area) and numbers; or, as in topology, 
between two sets of objects. But this is not the most gen- 
eral notion of function. The American mathematician 
E. H. Moore and the French mathematician Maurice 
Fre'chet studied functions so general that they could 
define mappings between sets of abstract entities that 
need not be numbers, geometric properties, nor topo- 
logical objects. From this study, called general analysis 
(Krarner 1970), Fre'chet (1925) concluded that the ex- 
istence of analogies between fundamental features of 
various theories implies the existence of a general ab- 
stract theory that includes the particular theories and 
unifies them with respect to those fundamental features. 

In this spirit, consider a duality, a function so general 
that, under the framework of ecological psychology, it 
putatively reveals a fundamental analogy between or- 
ganisms and their environments, affordances and effec- 
tivities (discussed later), perception and action, and de- 
tection of information and the control of action (Shaw 
& Turvey, 1981; Shaw, Turvey, & Mace, 1982; Turvey & 
Shaw, 1979). Because our motivation is in the spirit of 
general analysis, what is offered is a formal analogy that 
we believe holds over all learning situations rather than 
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a model for learning as such. Any learning model, how- 
ever, might profit by incorporating and exploiting these 
abstract properties. 

A mathematical duality D is a symmetrical mapping 
that establishes a special (nontransitive) correspondence 
between one structure, X (e.g., a series of information 
detection states), and another structure, Y (e.g., a series 
of action control states), so that for any function f that 
maps from X to Y, there exists another function g that 
maps from Y to X. Furthermore, a duality between the 
structures is inherently nontransitive, for if there exists 
another function that putatively carries the image Y into 
another structure Z, so that X - Y, Y - 2, then Z must 
be isomorphic with X. 

When D is equal t o  its own inverse, it is said to estab- 
lish a double dual between X and Y. The ecological ap- 
proach espoused here postulates a doubly dual relation- 
ship between the values of X, taken as informationally 
specified environmental properties, and corresponding 
values of Y, taken as organism-determined action con- 
trol states. We call the operation f: X - Y perception, 
and the perceived environmental properties that support 
goal-directed activities affordances. Likewise, we call 
the inverse operation g: Y - X action, and the 
organism's capabilities for realizing such affordance 
supported actions effectivities. The double duality, D: 
X - Y, composed from the operations f and g = f", 
designates a system of affordance-effectivity con- 
straints specific to an organism-environment system, or 
ecosystem, in which the organism, construed func- 
tionally as an effectivity system, is essentially successful- 
ly adapted to its environment, construed functionally as 
an affordance structure, or econiche. The abstract 
duality function therefore reveals that affordances (the 
values of perceptual functions) and effectivities (the 
values of action functions) are formally analogous 
under the commutativity property of this symmetric 
mapping. The notion of an intention operator formally 
exploits this symmetric mapping. (The details of this 
duality, function are spelled out in Shaw et ah, 1990.) 

Thus, one sees that as duals, perception and action 
are inverse mappings of each other. The former takes 
values from the environment and maps them into the or- 
ganism variables, whereas the latter does the inverse 
mapping. To be successful in performing an act, the en- 
vironment must afford the informational and causal 
support for the act. In addition, the organism needs to 
possess the specific effectivity for carrying out the act. 
Intention must couple the approximate effectivity con- 
trols with the affordance information and sustain their 
coordination. For an actor to grasp an object requires 
both that the "graspability" of the object be an affor- 
dance property for that organism, and also that the ac- 
tor has a "grasper" effectivity whose parameters are 
mutually compatible (dual) with the parameters of the 
object to  be grasped. Whenever the organism is success- 
fully guided by perception through a series of felicitious 

regulatory acts (e.g., muscular adjustments) that 
achieve the intended goal (e.g., grasping an object), the 
two functions necessarily become doubly dualized. The 
double dualization of these functions can be progressive 
rather than immediate, however. As described earlier, 
under the appropriate intentional selection of a goal, 
perception and action act together mutually, and on 
each other reciprocally, as a closed loop. In this way, 
leaking is the appropriate intention to learn the lawful 
operation that progressively tightens this closed loop 
over each cycle until the goal is reached. An index of the 
success of this learning is the degree to which there ex- 
ists, over the course of task performance, an inner prod- 
uct invariant between information and control. (This 
will be shown later.) 

To illustrate the role of the perception-action duality 
and to  make clear the semantic distinction between 
ODE-based models and IDE-based models with respect 
to their differing psychological import, it will be useful 
to develop a concrete (if hypothetical) example. 

The Intentional Spring Task 

Overview. The task requires the subject to learn to 
imitate the way an instructor stretches a given spring. 
The spring has two identical handles, so that learner and 
instructor can hold onto it simultaneously (Figure 3). It 
is also fixed at both ends, with the handles attached to 
its center. A vertical partition separates the instructor 
and the learner. The learner is blindfolded and wears 
earplugs, so that all learning must be haptically rather 
than visually specified (i.e., by feeling how the spring is 
stretched). A slot in the partition guides the hands so 
that the spring has but one unrestricted spatial (horizon- 
tal) degree of freedom. 

In general, the kinematic degrees of freedom allow 
the instructor to choose an infinite variety of forcing 
functions to move the spring. The spring can be moved 

~nstructor / u Learner 
Target 

FIGURE 3. Top view of the social tracking task. 
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at any speed for any number of times beither the left- 
ward or rightward direction, but, for the sake of il- 
lustration, in this task, movement is assumed to be a 
simple smooth stretching to a target point and releasing. 
The forcing function applied to the spring by either 
learner or instructor conveys a pair of dual perspective- 
dependent functions: an L-informing function, defined 
as what the learner feels as the spring is moved by the in- 
structor. Namely, the learner detects an I-controlling 
function, defined here as the force applied by the in- 
structor but in a reversed direction (assuming both par- 
ticipants, who face each other across the partition, grip 
the spring with the same hands). Conversely, when the 
learner attempts to move the spring, then an I-inforrn- 
ing function is defined dually for the instructor by the 
L-controlling function. It is important to note, there- 
fore, that this task is defined over a dual pair of dual 
functions-that is, 

(I-controlling functions that are dual to 
L-informing functions) are dual to (L-controlling 
functions that are dual to I-informing functions). 

This system of dual functions characterizes, in the 
spirit of Moore and Fre'chet's general analysis, a fun- 
damental analogy holding between experiment and the- 
ory, as exemplified under the ecological framework: 
The concrete scheme for the experimental paradigm, 
called the social tracking paradigm (Smith & Smith, 
1987), is formally analogous to the abstract scheme for 

-, mathematically describing instructing and learning 
functions, called the self-adfoint control paradigm 
(Repperger & Shaw, 1989; Shaw & Repperger, 1989a, 
1989b). 

The task may be thought of as a perturbation- 
reduction task. Here, successful learning is achieved 
where the learner feels no perturbations introduced by 
the instructor as corrective feedback. Or, dually, suc- 
cessful instruction is achieved when the learner feels no 
perturbation introduced by the learner-as defined 
against the instructor's expectation. The task is over 
when the learner's attempts require no corrective (felt) 
feedback from the instructor for three successful repeti- 
tions. At such time, one may conclude that the subject 
has succeeded in absorbing the intentional operator that 
has been successfully passed by the instructor through . the shared forcing function on the spring. Ideally, a 
final state of perfect learning is achieved if the learner's 
informing function eventually becomes dual to the in- 
structor's controlling function so that the learner's con- 
trolling function is dual to that informing function. In 
this way, the instructor's task intention is passed to the 
learner through the double dual described above. 

Instructions A: Task goal. The learner is apprised of 
how the apparatus is set up, blindfolded, ear-plugged, 
and given the task instructions. For convenience, we 
have broken the instructions into sections that corre- 
spond to the mathematical methods to be discussed later 

on. The subject is told that hisher task is to le- to an- 
ticipate the way an instructor pulls the spring so that 
he/she might eventually come to imitate that perfom- 
ance autonomously. 

The learner is told to begin the learning process by 
holding lightly and passively to the spring handle. As 
the instructor pulls the spring, the learner's arm is pulled 
through the motion that is to be learned. Consequently, 
the subject is told to pay close attention to the manner 
and the target of the instructor's pulling. Specifically, 
this means paying attention to the frequency of oscilla- 
tion and the target length to which the spring is brought 
to rest by the instructor at the end of each pull. 

Instructions B: Learning goal parameters. As the task 
goal becomes clearer, the learner is to gradually assume 
control of the spring, and, conversely, the instructor is 
to gradually relinquish control. After doing so, how- 
ever, the instructor is to maintain a light grasp on the 
spring to monitor the learner's progress and to correct 
departures (perturbations) by the learner from the cri- 
terion performance pattern (that is, from the task pat- 
tern the instructor learned prior to the task). 

As soon as a perturbation is detected, the instructor is 
to  resume control. Consequently, if the learner should 
feel any perturbations while pulling, control of the 
spring is again to be relinquished to the instructor. This 
assuming and relinquishing of control alternately by the 
learner and the instructor continues until perturbations 
are eliminated or reduced to some low criterion level. 

Examples of this kind of active instruction are nu- 
merous, for instance, learning from an instructor to 
dance or to swing a golf club. In such cases, the instruc- 
tor initially leads, with the learner attempting to follow. 
The learner is then allowed to lead while the instructor 
monitors hidher attempt to anticipate the criterion se- 
quence of movements. The instructor intervenes to re- 
capture the lead only when there is a need to compensate 
for the perturbations. If the learner gets hopelessly lost 
in major perturbations, however, then the instructor 
may intervene to reinitialize the task (i.e., to abort the 
current trial in favor of starting a new trial). 

Instructions C: Achieving adaptive autonomy. The 
learner's task is to learn to match the instructor's man- 
ner of pulling within the prescribed target range and to 
terminate pulling at- the same place and in the same 
manner that the instructor does. This task is successfully 
completed when the instructor's intention is assimilated 
by the learner. At such time, the learner will feel no 
counterforces (perturbations) from the monitoring in- 
structor. 

Trials. Trials are self-paced. A single trial is defined 
as the period from the moment the learner begins moni- 
toring the spring to the moment the learner attempts to 
bring the spring to rest at the target. Clearly, from the 
perspective of the learner, each trial has a monitoring 
(informing) phase and a test (controlling) phase and a 
evaluating (informing) phase. The informing and con- 
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trolling phases are 180' out of phase across the par- 
ticipants-an expression of the duality of their roles in 
the experiment. 

Feedback and feedforward information. Two kinds 
of task-specific information are given and received by 
each participant: Directive feedback information is 
given by the active participant to the passive participant 
through the controlling function, and corrective feed- 
back is felt by the passive participant through the in- 
forming function. Negative feedback from the instruc- 
tor to the learner is detected through felt corrective 
counterforces; no felt counterforce is positive feedback 
that the trial is going well and that the learner should 
continue the performance. Performance (feedback) in- 
formation passed from learner to instructor is corrective 
on instruction, whereas instructional (feedforward) in- 
formation from the instructor to learner is directive on 
performance. 

When the learner is attempting to practice hidher 
control of the spring, both the learner and the instructor 
are told to pay close attention to the corrective feedback 
provided by their respective but dual informing func- 
tions. Corrective feedback isoperationally defined for 
the learner as the felt mismatch (perturbation) of the 
L-controlling function with the (I-produced) L-inform- 
ing function, whereas corrective feedback is dually de- 
fined for the instructor as the felt mismatch (perturba- 
tion) of the very lightly applied I-controlling function, 
which shadows the (L-produced) I-informing function. 

Clearly, corrective feedback for the learner during 
hisher attempts to practice control of the spring in- 
volves the stiffness of the spring plus the corrective im- 
pulse forces applied by the instructor. The corrective 
impulse force will be felt by the learner (L-informing 
function) as a variation in the compliance of a virtual 
spring (i.e., l/k, where k is the stiffness coefficient). 
(The stiffness of the virtual spring is determined by both 
the metal spring and the muscular spring of the instruc- 
tor's ap.) When the learner has learned to imitate the 
instructor perfectly, the spring will feel maximally com- 
pliant (so that the L-informing function is nullified). 
Hence, a measure of the felt corrective feedback (by 
either learner or instructor) is identical to the measure of 
felt variations in the virtual spring's stiffness. Minimiza- 
tion of corrective feedback information from instructor 
to learner maximizes the directive feedforward informa- 
tion from learner to instructor. 

From the perspective of the learner, the absolute 
value of the L-informing function is the independent 
task variable, and the degree of compliance of the 
L-controlling function is the dependent task variable. 
But one must take care in locating these variables in 
cases of circular causation (feedback) such as this social 
tracking task. The roles of independent and dependent 
variables are only relative and interchange when the per- 
spective is shifted from learner to  instructor because 
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each acts as an environmental source of mutual and re- 
ciprocal constraint on the other. 

Figure 4 depicts the stages of learning in the inten- 
tional spring task. The intricate interaction of infonna- 
tion and control variables ,can be formally codified and 
somewhat simplified by the use of the algebra of opera- 
tors. The operators and their relationships will be ex- 

FIGURE 4. The three states of the learning process. (A) 
shows the initial stage before learner L is coupled 
through the forcing function of the spring (Sp) to the in- 
structor I; (B) shows a compact schema of the learning 
process by which the observability and controllability 
criteria may be satisfied by the passing of a self-adjoint 
operator from I to L via the informing and controlling 
functions, respectively; and (C) shows the final stage of 
learning, in which adaptive autonomy is achieved by L 
after absorbing 1's task intention (boundary conditions) 
via the passed self-adjoint operator (see text for details). 
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plicated formally in Section 2 and explicated in even 
greater detail in Section 3. 

Formal Interpretation of the Intentional Spring Task 

The following outline, showing the dependency of 
concepts, will help make explicit the semantic cor- 
respondence between the formal and psychological 
properties of the intentional spring task. These proper- 
ties apply to the coupled learner-spring-instructor 
system but not to the decoupled instructor-spring or 
learner-spring systems. 

1 .  Boundary conditions are extrinsically imposed re- 
quirements on the initial and final states of the 
learner-spring-instructor system (e.g., given the task 
set-up, task goal parameters, and the learner's intention 
to minimize learning errors and the instructor's inten- 
tion to maximize instruction effectiveness). 

A. Initial conditions are requirements imposed on 
the initial state of a system (e.g., experimental set-up 
in general; spring's stiffness coefficient; learner's 
ability and intention to learn; instructor's ability and 
intention to instruct). 

B. Final conditions are requirements imposed on 
the-final state of a system (e.g., spring's state of stress 
and strain at the end of task, instructor's goal to be 
achieved, learner's goal to  be achieved). 
2. A forcing function has two components: extrin- 

- sically imposed hereditary and anticipatory influences 
on a system. Figure 4B is a compact scheme of operator 
relationships that in the actual learning situation would 
be distributed over many iterations of the perceiving- 
acting cycle. 

A. A controlling function (on L by I) is an extrinsic 
source of force that determines hereditary influences 
on the system. Forces applied to the learner by the in- 
structor via the spring are extrinsic to  learner; con- 
versely, forces applied to instructor by learner via the 
spring are extrinsic to instructor. Both instructor- and 
learner-applied forces are extrinsic to s p ~ g .  A con- 
trolling function is represented in Figure 4B as 
f-a-e'. 

B. An informing function (on L by I) is an extrin- 
sic source of information that determines anticipatory 
influences on the system. Reactive forces applied to 
spring by instructor to compensate for learner's er- 
errors serve as feedback to  learner, where null reac- 
tive forces specify no learner error; conversely, active 
forces applied to spring by learner function as feed- 
back to instructor regarding learner error with respect 
to task goal. An informing function is represented in 
Figure 4B as the feedback loop I: f-a-e' and feed- 
back loop L: f -b-e. 
3. A Green's functional is a functional representation 

of the solution to a boundary-value problem consisting 
of observability and controllability functional5 as dou- 
ble duals. This operator formally expresses the intuitive 

content of the intentional operator term introduced 
earlier. The Green's functional applies to the uncoupled 
instructor-spring or the learner-spring systems, or the 
coupled instructor-spring-learner system. (See, for ex- 
ample, Equations 1 and 2). 

A. The term observability functional pertains to 
the anticipatory influence of information about final 
states of a system on its current detection and control 
states. (See Figure 4B: f-a-e' as feedback after 
f -b-e commutes with p.) 

B. The term controllability functional pertains to 
the hereditary (causal) influence of initial states of a 
system on its current detection and control states (See 
Figure 4B: f '  -b-e as feedforward after f-a-e' 
commutes with q.) 

Learning as the Solving of a Boundary- Value Problem 

A boundary condition is an extrinsically imposed re- 
quirement on the initial and/or final state of a system. 
A solution to a set of differential equations representing 
the dynarnical system of interest must satisfy these re- 
quirements with respect to a specified set of values of 
the independent variables. A boundary- (initial and/or 
final) value problem involves finding the solution to the 
system's equations that meets the specified requirements 
on the relevant independent variables. Such require- 
ments may depend on either physical, biological, or psy- 
chological factors. 

In the current example, a learner must solve a 
boundary- (final) value problem posed by instructor in 
order to learn the task goal. This is done by absorbing 
the instructor's intention, which somehow is passed 
through the controlling function (a component of the 
forcing function). On the other hand, the instructor 
must solve a dual boundary (initial) problem regarding 
what instructions to pass to the learner through the in- 
forming function (also a component of the forcing func- 
tion). Appropriate instructions must reinitialize the 
learner so that he/she can perform the task successfully 
and achieve the intended final condition. A natural 
question to ask is: What are the sufficient conditions 
that enable the final and initial boundary-value prob- 
lems to be solved by the learner-spring-instructor sys- 
tem? This condition expresses the intuitive content of 
the phrase "the intentional dynamics of the task." 

The sufficient condition that the learning process 
should be successful is that the controlling and inform- 
ing functions allow the learner to satisfy the same con- 
trollability and observability criteria as the instructor. 
This is tantamount to the learner-spring system's 
achieving as a final condition a Green's functional 
equivalent to that which the instructor-spring system 
possessed as an initial condition. 

1. The controllability criterion is a property of a system 
that satisfies certain hereditary constraints on certain 
of its independent variables: Given an appropriate 
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intitial state and any future state (e.g., the final 
state), there exists a time-forward path integral that 
sums the hereditary effects of a controlling function 
from the initial state to any future state within the 
time interval. 
The observability criterion is a property of a system 
that satisfies certain anticipatory constraints on cer- 
tain of its independent variables: Given an intended 
final state and any previous state (e.g., the current 
state), there exists a time-backward path integral that 
sums the anticipatory effects of an informing func- 
tion from the intended final state to any previous 
state within the time interval. 

Let Equation 1 represent the Volterra functional sat- 
isfying the controllability criterion and Equation 2 the 
Volterra functional satisfying the observability cri- 
terion. The appropriate Green's functional can be repre- 
sented by an identity satisfied by the hereditary and an- 
ticipatory functionals of these dual IDEs; namely, 

These are said td be doubly dual, or self-adjoint, kernels 
of the IDEs depicted in Equations 1 and 2, if K = K*; 
otherwise, they are singly dual, or adjoint. 

Theadjointness property will be used extensively to 
express the duality (i-e., the observed symmetry or anti- 
symmetry) between equations of dual systems. For in- 
stance, when the learner becomes as competent with re- 

- spect to a task skill as the instructor, then the 
learner-spring equations will be said to have become 
self-adjoint with respect to the instructor-spring system. 
Although the form that self-adjointness (duality) takes 
obviously must differ notationally between ODE and 
IDE formulations of a system, the property is necessari- 
ly inherited when converting from one to the other. 
Consequently, we shall assume this fact without show- 
ing it and refer the interested reader to standard ref- 
erences demonstrating it to be so (e.g., Courant & 
Hilbeq, 1953, pp. 277-280). 

Thus, to reiterate our central concern: One needs to 
address the issue of how an extrinsic intention to carry 
out a specific task, as imposed on a learner by an in- 
structor, can come to act as an intrinsic (intentional) 
constraint on the learner's perceiving-acting cycle? 

For organisms to become sensitive to the useful di- 
mensions of goal-specific information, there needs to be 
an "education of attention" as Gibson (1966, 1979) has 
suggested. Likewise, on the side of skill acquisition and 
the control of action, there needs to be a corollary 
"education of intention" to select and execute those 
voluntary subacts in the manner required to satisfy a 
more global task goal. 

Consequently, any adequate theory of learning must 
address three types of learning: perceptual learning, ac- 
tion learning, and intentional learning. Intentional 
learning takes place at a higher level of abstraction than 

either perceptual or action learning. We believe success- 
ful intentional learning serves to bind the other two to- 
gether into a duality and to modulate their coupling t~ 
preserve that duality via the coming into play of Green's 
operator. 

Under the proposed modeling strategy, we attempt to 
show how an intention imposed by extrinsic rule for the 
perceptual control of action can become an intrinsic law 
for doing so. What is usually missing from other ac- 
counts is an explicit formulation of how information 
and energy must be lawfully coupled into a perceiv- 
ing-acting cycle if the system's rule-governed dynamics 
is to serve invariantly the stipulated intention: 
Mathematically, in describing the learner's progress in 
assimilating the intention of the instructor this requires 
a move from differential equations with extrinsically 
imposed boundary conditions to integro-differential 
equations with boundary conditions. This move from 
ODEs to IDES is analogous to moving from an extrin- 
sically imposed rule for changing the elastic coefficient 
in the linear version of Hooke's law to a Volterra func- 
tional that makes the same changes intrinsically in the 
generalized version of Hooke's law. This move is made 
formally explicit in Section 2 and Appendix A. 

A second question at the heart of our modeling strat- 
egy needs to be addressed: If ODEs (e.g., springs and 
coupled oscillators) are to be used to model dynamical 
action systems, how do they relate to the ODES used to 
model the dynamical perceptual system? With these 
issues in mind, an overview of the mathematical strategy 
to be used is provided next. 

Overview and Summary of the Mathematical Strategy 
for Modeling Intentional Learning 

Let us attempt to trace the abstract conceptual thread 
that runs throughout the last two parts of this article. 
Three related mathematical concepts used extensively 
throughout this paper are duality, self-adjointness, and 
Green's function. The last two concepts are intimately 
related to the first; indeed, they are special cases. The 
most fundamental duality of interest is that between 
perceiving and acting, construed formally as the duality 
between observability and controllability (Kalman et 
a.., 1962). This theorem will be exploited fully to pro- 
vide a first pass on a mathematical formulation of a 
duality-based learning theory in Section 3. 

Another related expression of duality is that which 
holds between hereditary and anticipatory influences 
imposed on a system from the outside. These extrinsic 
reciprocal influences are expressed in two ways: through 
forcing functions on (nonhomogeneous) ODEs repre- 
senting a dynarnical system, on the one hand, and 
through extrinsic requirements, or boundary condi- 
tions, placed on certain independent variables, on the 
other hand. Influences that require extrinsic means for 
expression when applied to ODE representations of a 
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dynamical system can be expressed intrinsically as IDEs 
that are formally equivalent to  the ODEs. Equations 1 
and 2 provide an example of how extrinsic influence 
functions can be instantiated intrinsically as dual in- 
fluence function&. 

Psychologically speaking, much can be made of the 
semantic difference between the formal means that treat 
hereditary and anticipatory influences extrinsically 
(ODEs) and those that treat them intrinsically (IDEs). 
The move from ODEs to IDEs, implicit in the case of 
Equations 1 and 2, needs to be made explicit as a key 
part of the proposed mathematical strategy. Recall that 
our primary objective is to develop a modeling strategy 
rather than to present a model per se. In accordance 
with this objective, let us consider how forces acting on 
a system from the outside can convey information spe- 
cific to an intention so that the system is instructed 
about a task goal and progressively learns that inten- 

tion. These issues are formulated in explicit form using 
operators in Section 2. 

From the above, it is clear that an explicit method is 
needed to semantically represent the eventual assimila- 
tion of an intention into the autonomy of the system 
that is firs imposed on it through instruction from the 
outside. This involves two stages in modeling, each re- 
quiring identifiable mathematical techniques: the ab- 
sorbing of the control-specific goal information from an 
extrinsically imposed forcing function and the absorb- 
ing of intentional requirements from extrinsically im- 
posed boundary conditions. The Hilbert-Schmidt's 
technique and the Green's function techniques are used 
to make explicit the absorption of f~rcin~functions,  
characteristic of nonhomogeneous ODEs, into the ho- 
mogeneous ODE representation of the learner-spring 
system. Green's function technique is used for solving 
boundary-value problems for ODEs of the Stunn-Liou- 

Instructor's Skill Trajectory Spectrums of the Instructor and 
the Learner Before Learning 

Task Trajectory of the Coupled 
System During Learning 

Spectrum of the Coupled 
System During Learning 

Skill spectrum 

displacement with tolerance 

fr=Iua""= 

Task Trajectory of the Learner at Learner's Spectrum at Almost 
Almost Final Stage of Learning Final Stage of Learning 

FIGURE 5. Spectrum transfer from the instructor to the learner. 
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ville type-the type of equations that we postulate for 
learning. This technique accomplishes the absorption of 
the intentionally specific boundary conditions into the 
dual IDE functional representation of hereditary and 
anticipatory influences. 

The most elegant way to describe these absorption 
techniques is to use adjoint (singly dual) operators and 
self-adjoint (doubly dual) differential and integral 
operators. (For a general discussion of operators, see 
Synge, 1970; for their use in psychology, see, for in- 
stance, Solomon, 1988; Solomon, Turvey, & Burton, 
1989.) By representing ODES or IDES in operator nota- 
tion, the more complicated techniques of classical 
calculus and functional analysis can be presented 
through an algebra of compact linear operators on a 
Hilbert space (Lanczos, 1961). 

Section 2. Absorbing Extrinsic Influences Into the 
Intrinsic Autonomy of a System 

Instructor Skill as a Self-Adjoint Operator 

Self-adjointness is a very valuable property of certain 
linear differential equations (see earlier discussion of 
Equations 1 and 2). Solutions to the boundary-value 
problem for a system can often be aided by firt finding 
the adjoint equation of the system and coupling them to 
form a self-adjoint equation (i.e., Green's function). 
Formally, it is well known that a linear system with an 
arbitrary right side (homogeneous or nonhomgeneous) 
is solvable if and only if its adjoint homogeneous 
counterpart has no solution that is not identically zero, 
that is, if it has only the trivial solution. If the system is 
self-adjoint, then, by definition, its adjoint system is 
also. For the system Du(t) = g(t), then, D denotes the 
differential operator, whereas the derivatives of a func- 
tion are denoted in standard operator notation, for ex- 
ample, as y = dy/dt. This system, as represented, 
should not have more than one solution given any fxed 
boundary condition in that case. The system is then said 
to be tight or complete. The formal property of self- 
adjointness seems to be a natural condition for most 
equations used to represent dynarnical systems. Indeed, 
this intuitive insight can be made stronger and more 
specific (Lanczos, 1961): 

The majority of the differential equations en- 
countered in mathematical physics belong to the 
self-adjoint variety. The reason is that all the 
equations of mathematical physics which do not 
involve any energy losses are deducible from a 
"principle of least action," that is the principle of 
making a certain scalar quantity a minimum or 
maximum. All the linear differential equations 
which are deducible from minimizing or maximiz- 
ing a certain quantity, are automatically self- 
adjoint and vice-versa: all differential equations 
which are self-adjoint, are deducible from a 
minimum-maximum principle (p. 226). 

Accepting this fact, it follows that Nature is a self- 
adjoint instructor for the animals living in it. In other 
words, animals have to appreciate the self-adjointness 
of the environment in which they live and move. As part 
of nature, animals and humans either evolve or learn to 
become operators with many self-adjoint operational 
capabilities. Similarly, if someone has learned a specific 
skill, it must be a self-adjoint, or a composition of more 
than one self-adjoint, operational capability. (Please 
note: In the quote above, the condition cited does not 
require that all self-adjoint differential equations be de- 
ducible from a principle of least action but only that all 
differential equations that are so deduced will necessari- 
ly be self-adjoint.) 

For the sake of simplicity, we assume that in our il- 
lustrative example of a learning process (the intentional 
spring task) the specific task to be learned is construed 
as a self-adjoint operator. In learning the intention of 
the instructor, the instructor's task is to inform the 
learner of the self-adjointness required and the learner's 
task is to absorb that goal-parameter information as 
boundary conditions on control variables. In this way, 
figuratively speaking, the instructor must pass an ad- 
joint operator to the learner, who must then (over trials) 
absorb it (described vis & vis the Hibert-Schmidt 
and Sturm-LiouvilIe techniques). Thus, the problem to 
be solved is: How can the instructor transfer its self- 
adjoint operational skill to  the learner? (The minimal 
requirement for the learner will be specified in the 
following section.) 

Before solving this problem in a generic fashion, it is 
necessary to give a formal description of the instructor's 
skill. According to the well-known Hilbert-Schmidt 
theorem, any self-adjoint and compact operator A 
(compactness is a usual assumption), like any differen- 
tial operator, can be written in the following form: 

a 

where A,, and v, are the eigenvalues and corresponding 
eigenvectors of A. The eigenvalues are called the spec- 
trum of A. The decomposition of A, given above, is 
called the spectral decomposition. One may describe a 
generic skill as an A operator with a given spectrum 
(Figure 5). Intuitively, it follows that learning is a 
transfer of the instructor's skill spectrum (v,) and its 
power (X,). - 

Furthermore, one may assume that in most cases the 
instructor's spectrum must be wider than the skill spec- 
trum itself, especially if one assumes that the learning is 
mostly due to direct transfer. Though our intuitive 
spring example does not belong to the class of complex 
problems, it is sophisticated enough to illustrate the 
complexity of the problem of learning. Considering the 
spectrum to be transferred by the instructor, this task 
?ems simple, because some fundamental frequency 
(eigenvalue) should be passed to the learner. (In Figure 
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5, this is represented by the peak value of power.) Note, 
however, that during the learning process, because the 
learner and the instructor are coupled and may perturb 
each other, each will use a wider spectrum than that 
strictly dictated by the task. 

First, the learning process is characterized by pairs of 
compact linear differential operators on a complete in- 
ner product space, or Hilbert space. Initially, the in- 
structor-spring system is represented by a self-adjoint 
operator I, expressing a mastery of the relevant skill in 
pulling the spring. By contrast, the learner-spring sys- 
tem is represented only by an adjoint operator L, ex- 
pressing a minimal skill capability that also includes an 
intention to learn (i.e., to follow instructions) (Figure 
4A). Linear operators over a Hilbert space constitute a 
vector space with a inner (scalar) product (denoted by 
[*, *I). Using this inner product operator, one obtains 
[I, L] = c, where (as shown in Section 3) c is an in- 
variant number throughout learning so long as the cou- 
pled I-L system remains on a solution path to successful 
learning. As remarked earlier, if learning is the lawful 
coordination of information detection and action con- 
trol, as defined relative to an intentionally selected goal, 
then this inner product invariant can be taken as a re- 
quirement of its success. 

Initialization of Learning as Setting Up a System of 
Adjoint Equations 

In setting up the complete schema for intentional 
learning, one must specify the conditions and the aim of 
learning. Initialization of the learning process of the 
given skilled action requires two conditions: First, the 
instructor must constrain its self-adjoint I operator if it 
is to be transferred to the learner. At the same time, 
both the learner and the instructor have to set up their 
boundary values in an adjoint fashion (Figure 4B). 
Though, for mathematical convenience, one may choose 
to separate the differential operators and the boundary 
conditions, the processes to which they refer in nature 
do not allow such artificial separation. Indeed one is ad- 
monished that ". . . in actual fact the boundary condi- 
tions are inseparable ingredients of the adjoint operator 
without which it loses its significance" (Lanczos, 1961, 
p. 184). 

The learner's operational capability should be modi- 
fied by instruction. For instance, instructions might be 
described verbally as the means by which the instructor 
specifies to the learner the target and manner param- 
eters as well as other aspects of the task to which special 
attention should be paid. Thus the learner upgrades its 
operator from L to  L'. As stated earlier, however, the 
new operators I' and L' must still conserve the inner 
product [ I 1 ,  L'] = [I, L] = c, or else the learner is being 
misinstructed as to the correct nature of the task (see 
Section 3 for details). This means that as the learner 
upgrades from L to L', the instructor downgrades from 
I to 1'. But this does not mean that the instructor 

gradually loses hislher skill, only that it is called on less 
and less in the training of the learner. 

By invoking the Hilbert-Schmidt decomposition theo- 
rem, this inverse change in the I and L operators can be 
described as a (Hermitian) change of their dual spectum 
-on the one hand, the need to release less and less in- 
formation by the instructor and the need to absorb more 
and. more control by the learner, and, on the other 
hand, the need to release more and more control by the 
instructor and the need to absorb less and less informa- 
tion by the learner. This is the reason that an inner prod- 
uct invariant exists. (Recall the discussion in Section 1 
of the controlling function and the informing function 
as components of the forcing function that are particu- 
larly meaningful in describing the learning process.) 
Thus the instructor decreases its spectral production 
(i.e., the power of its spectrum) in the learning process 
but does not lose the ability to produce it. This necessity 
for the self-adjointness requirement for I' and L' fol- 
lows directly from the arguments already presented. 

Learning as an Operator Transfer Process 

With respect to the self-adjointness requirement, the 
same arguments hold during the course of learning just 
as they do for initializing the learning process. Further- 
more, as argued, the inner product of the operators I' 
and L' remains invariant during the entire process 
unless the goal parameters of the task change. (Merely 
taking a new path to the target does not necessarily 
count as a violation so long as manner of approaching 
the target is not violated.) At this point, one may use the 
mathematical fact that ". . . every differential equation 
becomes self-adjoint if we complement it by the adjoint 
equation" (Lanczos, 1961, p. 243). Formally, if Du = f 
has D'v = g as its adjoint system, then the coupled 
system 

The Need for a Theory of Evolving Self-Adjointness 

Practically speaking, the adjoint instructor-spring- 
learner ( I f ,  L') system, as a coupled system, can be con- 
sidered self-adjoint. During the dynamic learning proc- 
ess, the participants try to preserve the self-adjointness 
of their coupled system by gradually modifying the in- 
terplay of their operators. Green's function (see Appen- 
dix A) seems to be the best candidate for describing the 
criterion conditions for this complex process. The dy- 
namic transfer of the instructor's operational capability 
can be described with the help of the Sturm-Liouville 
theory, which uses Green's function. It seems to us, 
however, that in requiring self-adjointness of the two 
coupled systems during the learning process, this theory 
requires too much. Instead, one needs a theory that ini- 
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tially requires only coupled adjoint systems, with self- 
adjointness gradually achieved as a find condition of 
learning over the course of the reciprocal interaction of 
their spectra. 

Consequently, the Sturm-Liouville theory is used only 
to describe the sufficient condition for successful instan- 
taneous learning and awaits the discovery of a more dy- 
namical description for time-varying systems capable of 
progressive learning. (Details of the operator transfer 
process can be found in Appendix A.) As a result of the 
learning process, in the optimal case, the learner 
achieves the same operator, L' = I, that the instructor 
had at the beginning of the process. In other words, the 
whole spectrum of I will be tranferred to L' (Figure 
4Q. Let us emphasize that in this generic operator de- 
scription, the learning process is not analyzed into per- 
ceptual learning and action learning. Rather, it is treat- 
ed as transfer and absorption of self-adjointness 
through a composite of intentional, perceptual, and ac- 
tion learning. 

Intentional learning coordinates the dual processes of 
perceptual and action learning. To better understand 
the role of intention as described in operator language, 
one wants a more complete description of the equations 
to be coordinated and from which the operators are to 
be derived. Consequently, in the final section, we pre- 
sent the more complete descriptions and explore some 
of the most significant consequences of the adjoint sys- 
tems approach to psychology. 

Section 3. Adjointness of Perceptual and 
Action Learning 
Learning as Modeled by a System of Orthogonally 
Adjoint Equations 

Let us begin with a brief summary of the Shaw and 
Alley paper (1985) that treats learning as a Volterra 
functional governed by the system of four dual IDES, 
depicted in Table 1. 

Learning is assumed to take two forms: Action learn- 
ing tunes the learner toward minimum energy expendi- 
tures in orienting its sensory systems and controlling the 
motor system along an optimal path through task de- 
mands to the task goal. Perceptual learning tunes the 
learner toward maximum information processing need- 
ed to  orient and steer the motor systems along the op- 
timal path. The optimization of both energy and infor- 
mation processing by the learner in task-specific ways 
requires modeling by functional equations that are tem- 
porally dual (Table 1 viewed row-wise). These equations 
must also satisfy the controllability (top row) and obser- 
vability (bottom row) criteria (Kalman et al., 1962). 

Learning can be either hereditary or anticipatory. Ac- 
tion learning is an accumulation of experiences over 
time, which alters the state of readiness (initial condi- 
tion) of the action/perception systems. Action learning 
tunes optimal energy expenditures to subsequent recur- 
ring task demands. Thus, when successful, action learn- 
ing satisfies the controllability criterion (Kalman et al., 
1962). Although such past-pending control processes 

TABLE 1 
Table of Duals 

Perspective duals 

Organism perspective Environment perspective 
(Action) (Perception) 

Energy control (+ 1) 

Equation 1 Equation 2 
* 

In formation (observation) (- t) 

x(t) = ~ t )  + 1' a. i) y(s) <is y(t) = tol(t) + j ' K&, t) x(s) A 

Equation 3 Equation 4 

Note. The symbols in these equations arc explained in the text in connection with Equation 3. The 
transforms whose kernels take the form K(t, s) designate past-pending i n t e e  that sum energy 
interactions from some past state (s) to some future state (t). By constrast, those with kernels of 
the form K*(s, t )  designate future-tending integrals that sum information transactions from some 
potential future goal state ( t )  backward in time to some current state (s). 
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are goal "blind," they are causally efficacious-being 
force driven rather than information driven. 

By contrast, perceptual learning is an accumulation 
of expectancies over time, which alters the state of sen- 
sitivity of the action/perception systems. Perceptual 
learning tunes optimal information detection to the rele- 
vant task parameters (manner and target parameters) 
needed to steer a careful course to the task goal. Thus, 
when successful, perceptual learning satisfies the obser- 
vability criterion (Kalman et al., 1962). Such future- 
tending processes have goal "acuity"; they are inten- 
tionally efficacious-being information driven rather 
than force driven. 

Compare Figure 6 with Figure 4. Figure 6 shows the 
interplay of the operators associated with the dual (ad- 
joint) IDES depicted in Table 1. Here, & can be inter- 
preted as the operator L and & as the operator I. The 
reciprocal relationships exhibited by operators L and I 
correspond to the observability and controllability func- 
tional~ that must be satisfied ffwperceptual and action 
learning to succeed in satisfying the task intention. 

In addition, the learning problem can be viewed from 
two perspectives: from the internal perspective of the 
learner as a system of degrees of freedom (state-varia- 
bles) to be controlled and accommodated to a context of 
potentially nonlinear, time-varying constraints-the 
demands of the task environment-or from the external 
perspective of the task environment as a dual system of 
such constraints (dual state-variables) that define the 

- task for the learner. Thus, the functional equations for 
modeling learning are not only temporal duals (Table 1, 
viewed row-wise), but perspective duals as well (Table 1, 
viewed column-wise). 

These four functional equations define what can be 
called an orthogonally adjoint system. The system is or- 
thogonally adjoint because, in one direction (designated 
the temporal duals), it consists of two pairs of dual 
equations to model hereditary (reinforcement) influ- 
ences, on the one hand, and anticipatory (expectancy) 
influences, on the other. In the other direction (desig- 

1 .  energy (control) duals 

2. information (observation) duals 
FIGURE 6. Diagram showing the interplay of the ad- 
joint operators involved in the dual pair of dual Volterra 
learning functional5 defined in Table 1. 

nated the perspective duals), two pairs of dual equations 
are defined over conjugate (information and energy) 
variables of the actor/perceiver control system, coupled 
in a mutual but reciprocal relationship with the task en- 
vironment. 

To anticipate: Two mathematical questions have been 
raised by us-one general and the other specific. The 
general question is whether some kind of optimal con- 
trol system with time lag can satisfy the stipulated 
system of learning equations. The answer is shown to be 
affirmative. The specific question is how to model the 
fact that whenever an action is successfully controlled 
and the goal obtained, then it must result from the ac- 
curate perception of environmental (e.g., task) con- 
straints. This proves to be tantamount to the claim that 
when learning occurs, then an inner product operator 
exists whereby perceptual information is scaled in- 
variantly over time to the resource requirements of con- 
trol (e.g., energy). Again the answer is shown to be af- 
firmative. 

Let us consider the form that these dual equations for 
information and control take in adjoint systems theory. 
The field of adjoint systems is not well known; there- 
fore, to make clear its utility for modeling the problems 
at hand, we suggest a graded development of this ap- 
proach. Beginning with the simplest case, the scalar one, 
we then develop the equations for the intermediate ma- 
trix case, and, finally, for the time lag, or hereditary/ 
anticipatory case. 

For reasons given previously, the best model for 
adaptive systems is one which combines reinforcement- 
like and expectancy-like theories of learning into a 
single theory by means of the orthogonally adjoint sys- 
tem of equations (Shaw & Alley, 1985). Here, action, as 
a control variable, is dual to perception, as an observa- 
tion variable, in the sense understood by modem con- 
trol theory (Kalman et al., 1962). Interestingly enough, 
in modem control theory there exist several sets of dual 
(adjoint) equations that might be used to explain the 
process of learning as described. 

A caveat is in order: Whether the controllability cri- 
terion is to  be defined over least energy, least action, 
least work, least impulse, or the extremum of some 
other kinetic quantity is an empirical question. There is 
no a priori universal metric over which a trajectory 
might be variationally defined. The same must be said 
for observability and the corresponding kinematic 
quantities. Whether least time, least distance, least di- 
rectional changes, or whatever extrema are to figure in 
the inner product is an empirical question to be deter- 
mined by individual task requirements. What is to be 
recognized, in the spirit of general analysis, is the neces- 
sary existence of a minimax duality between some ob- 
servable and some controllable quantities, with their in- 
ner product remaining invariant whenever a perceptual- 
ly controlled intentional act is successful (Strang, 1986). 
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These are the fundamental properties that hold analogi- 
cally over all tasks of this kind. 

The next section summarizes the relevant equations 
from modem control theory that might be used in learn- 
ing theory to model the duality of perception, formally 
construed as observation, and action, formally con- 
strued as control (Shaw & Alley, 1985). These equations 
can be expanded by considering a special class of con- 
trol problems that can be described by adjoint equa- 
tions. Such equations provide the tools needed to ex- 
press the mutual and reciprocal relationship between the 
actor/perceiver and the task environment construed for- 
mally as dynamical systems. (For additional discussion, 
see Shaw & Mingolla, 1982; Shaw & Todd, 1980: Shaw 
& Turvey, 1981; Shaw et al., 1982). 

Finally, equations are proposed for a time delay sys- 
tem that exhibits hereditary effects, and whose adjoint 
system exhibits anticipatory effects-on the analogy of 
reinforcement and expectancy theories, respectively. 
Thus, the time delay equations define adjoint systems 
with memory and anticipation. In addition, these sys- 
tems exhibit the sequential (possibly nonlinear) effects 
of trials and other variables, such as learning to learn, 
that may significantly affect learning and transfer ef- 
fects. - 
The Adjoint System: Scalar Case 

Let us consider a simple scalar differential equation 
process and investigate its adjoint system. The scalar 
form of the adjoint system is the simplest case defined 
by temporally dual equations. Recall that this funda- 
mental duality defines the relationship between percep- 
tual information and action control. Here a(t) is gen- 
erally described as a continuous function of time t. 

Equation 1 is integrated forward in time from t = to, the 
initial time, until t = t,, the final time. Associated with 
the function x(t) is the adjoint system a(t), which 
satisfies 

where 4 t )  is specified at the terminal time. What is 
noteworthy is that a(t) is integrated backward in time 
from t = tf to t = to, and also differs from the right- 
hand side of Equation 1 by a change in sign. If constant 
a > 0, then Figure 7 illustrates the pole-zero diagram of * 

the original system. Their adjointness, or duality, is 
manifested in their appearing as mirror images about 
the complex G..) axis. All adjoint systems, including the 
vector/matrix cases and the time lag (hereditary) cases, 
exhibit this involutive character when plotted against 
their original system. Figure 8 illustrates how each equa- 
tion is integrated forward or backward in time, respec- 
tively. 

It is also possible for a(t) in Equation 1 to vary with 
time: The adjoint system can be defined accordingly. 
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FIGURE 7. (Left) the pole-zero pattern of the original 
system x(t) and its adjoint erft) for a scalar, first-order 
ODE. (Right) original system x(t) integrates forward in 
time, from initial time to to final time t,, whereas the 
adjoint system erft) integrates backward in time, from 
final time t, to initial time to. 

x(t) system aft) system 

FIGURE 8. The pole-zero pattern for the time lag 
system and its adjoint system. The pole pattern for the 
original system x(t) is on the left, whereas that for the 
adjoint system a(t) is on the right. 

An important quantity in analyzing the solutions to 
these equations is the fundamental, or state transition 
matrix, which is defined for the system Equation1 as 
follows: 

40, to) = aW(t,  to), 400, to) = 1 (3.3) 
where I indicates 1 for the scalar case and a unit diag- 
onal matrix for the matrix case. This reduces to 

w, to) = <-(I - 'Â¥) (3.4) 

if a is constant. The solution x(t) of Equation 1 can be 
written as 

x(t) = 4(t. to) x(t0). (3.5) 
For the adjoint system, the state transition matrix 
satisfies 

&a(t. tf) = a(tMa(t2 t.1, (3.6) 

+a(/,, = 1, (3.7) 
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which, for a is constant, reduces to * 

&(t, tf) = e '̂r - I). (3.8) 
From this, it follows that 

-̂I = <A. (3.10) 

Thus, the adjoint system acts like an inverse system 
but proceeds backward in time. The most interesting 
relationship between the original system and the adjoint 
system is revealed by the inner product operator. For 
two scalars, x(t) and a(t), the inner product operator is 
defined as the scalar product of the components. This 
turns out to be equal to a constant over the specified in- 
terval (e.g., the individual's learning interval); that is, 

< a(t), x(t) > = a(t) x(t) = constant. (3.1 1) 

If one uses the simple example illustrated thus far, then 
for a = constant, 

= x(to)a{tf) &'f - '0 )  = constant. (3.12) 

To better illustrate what happens if a(t) depends on 
time, consider a time varying example (Bellman, 1973) 
that more explicitly demonstrates these calculations. 

- Example 1: Given the system 

?(t) = - t x(t), with x(to) specified, 

then the solution is 

to) = &I*' - ̂ , for t 2: to; 

whereas 

+(t, to) = 0 for t < to. 

The adjoint system satisfies 

&(t) = t a(?), with a(tr) specified. 

The solution is 

a(t) = a(tr)dP - '̂  
and 

Oa(t, tf) = ̂ Â¥ - 

also 

< ~ ( t ) ,  a(t) > = x(to)df-' - '̂ a (tf)e(P - fry2 

or 

< x(t), a(t) > = x(to) a(t,) dt*' - = constant. (3.22) 
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The Adjoint Sytem: Matrix Case 
The results presented here for the scalar case easily 

generalize to the matrix case. One can now define1 the 
dual properties of controllability and observability by 
which the reciprocal role of action and perception in the 
learning process can be modeled. In addition, one can 
also define the inner product operator, the means by 
which perceptual information can be scaled to the con- 
trol of action. Following Kalman et al. (1%2), the 
original sytem equations can be represented as an n 
component column vector x(t) as follows: 

i(t) = A(t)Z(t) + B(t)ii(t) with :(to) specified, (3.23) 
where A(t) is an n x n matrix, B(t) is an n x p matrix, 
and i(t) is a p x 1 control vector. 

The solution to this system is given by 

Z(t) = d t .  to) %(to) + ( ' Â¥HI s) B(s) 5(s) ife, (3.24) 
'0 

where 4(t, to) and &(t, s) are the state-transition matrices 
of the free system 

$(t) = A(t) %(to) (3.25) 

from x(to) to x(t) and from x(s) to x(t). Associated with 
the system depicted by Equation 23 is an observation 
vector y(t), an m component vector, which satisfies 

30 = H(t) W), (3.26) 
where H(t) is an m x m matrix relating the observation 
in the vector y(t) from Z(t). If the system is real, the ad- 
joint system associated with Equations 23 and 26 is 
given by 

a(t) is specified, and Equations 27 and 28 are integrated 
backward in time. The superscript T indicates matrix 
transpose. With this matrix notation, it is now possible 
to define some properties of the original system Equa- 
tions 23 and 26, such as, complete controllability and 
complete observability. It is also possible to generalize 
the definition of the inner product operator as presented 
in the next section. 

Properties of the Original System (Complete 
Controllability and Complete Observability) and the 
Inner Product Operator 

The system, represented by Equations 23 and 26, is 
completely controllable if there exists some input 5(t) 
that takes the system from any initial state %(to) to any 
other state %(ti) in a finite length of time tl 2 to. This 
property holds if the following matrix is nonsingular for 
some t, > to: 

The measure of complete controllability is related to the 
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minimum amount of control energy tift) necessary to 
transfer ?(to) to Z(t,) in tr - to seconds. 

Of interest to determining the optirnality of the con- 
trol is the degree to which the amount of work done ap- 
proaches the minimum. For this, one needs an equation 
defining minimum energy: 

Min E = XT(tr) W-'(to, tf) X(tr). (3.30) 

Small values of W(to, tf) imply little controllability, 
because large amounts of energy are required to transfer 
%(to) to Z(tÃˆ) and vice versa. 

Perceptual information guides action: Hence, a duali- 
ty must exist between the energy required for control 
and the information that provides the measure of con- 
trol. Such a measure is guaranteed by the duality of 
complete controllability to complete observability. This 
condition is defined next. 

A system is said to be completely observable if it is 
possible to determine the exact value of Z(to) given the 
values of y(t) in a finite interval (to, ti), where to < t,. 
The original system represented by Equations 23 and 26 
is completely observable if the following matrix is 
positive definite for some tf > to: 

(3.31) 

This motivates the next important lemma. 

Lemma 1: A system is completely controllable if and 
only if its dual (adjoint) is completely observable. 

- The proof of this lemma follows directly from the 
dual relationships 

and by substituting into Equations 29 and 31 the rela- 
tionships specified by Equations 32 and 33. 

Analogous to the case of minimum energy, one can 
ask: What happens to information when the system suc- 
cessfully achieves control of action with respect to some 
goal? faven the duality of complete observability with 
complete controllability, then whenever energy is 
minimized information must be maximized-a minimax 
duality (Strang, 1986). Thus, the measure of complete 
observability is related to  the maximum amount of 
perceptual information as follows: 

* 

Max info = Wf) M-I(tr, to) y(tf). (3 -34) 

The last item of interest for the matrix case involves 
the inner product of the original system with its dual, 
for it provides a measure of the amount of control exer- 
cised as compared to the amount of information detect- 
ed over the task interval. The definition of the inner 
product operator for the matrix case can also be given. 

Definition: Inner Product Operator 

The intentional Spring 

where Z is an n x 1 column vector. 

Using the above definition, a lemma can be constructed 
to show in the matrix case, as in the scalar case, that the 
inner product between the original system and its ad- 
joint is a dynamical invariant. This invariant quantity 
expresses the fundamental law of intentional dynamics 
-the conservation of intention that elects and sustains 
th'e coordination of action with perception (i.e., the 
preceiving-acting cycle) (Shaw et al., 1990). 

Lemma2: If E(t) = 0 in Equation 27, then <Z(t), a(t) > 
= ZT 5 = a constant. 

Alternatively, this may occur if u(t) is in feedback form, 

U(t) = - K(t) X(t), (3.35) 
and Equation 35 is substituted into Equation 23. 

These results may be extended to systems with heredi- 
tary influences, sometimes called systems with retarda- 
tion, or, more commonly, time lag. Such systems are 
minimal for modeling adaptive changes in control caused 
by learning through reward. These results can also be 
extended to an adjoint system that exhibits dual antici- 
patory influences characteristic of learning as a function 
of change in expectancies. 

The Adjoint System With Time Lag 

The results of adjoint systems theory extend naturally 
to systems with time lag (Bellman, 1973; Eller, Aggar- 
wal, & Banks, 1969). In this case, the plant (vector equa- 
tion) satisfies 

y(t) = H(t) Z(t). (3.37) 

An important change is introduced now into the matrix 
case as described by Equations 36 and 37. Whereas the 
simpler matrix case of control systems requires indepen- 
dent evaluation of the initial conditions of its differen- 
tial equations, the time lag case does not. Instead, 
systems with time lag require an initial function to ex- 
press any influence that builds up over time as a result 
of learning, transfer of learning, learning to learn, or 
fatigue. The initial function, a hereditary functional, is 
an operator that, in a sense, automatically updates the 
initial conditions of the differential equations of the 
matrix case system. It is this capability that renders the 
time lag systems truly adaptive so that the extrinsically 
controlled "tweaking" of individual parameters over 
trials or tasks is unnecessary. 

The hereditary functional y(t) for the time lag system 
is a given continuous function on the interval [to - 7, 

to]. It follows that for the solution Z(t), 

Z(t) = fort â [to - r, to]. (3.38) 

The more precise notation for the solution of the system 
Equations 36 and 37 is 
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x(tJ <W, u(t)) = x)t# to, <Kt), 0) 

where +(t, s) is the associated transition matrix, for 
which 

d+(tJ s)/ds = - +(t, s) Al(s) - +(t, s + ?)Ads + r), 
to < s < tf - r, +(t, s) = 0 for s > t, 

and <Kt, t) = I. (3.40) 

Also associated with system Equations 36 and 37 is the 
adjoint system 5(t), which satisfies 

The solution of this dual equation has a form similar to 
Z(t, to, <f>(t), ii(t)) in Equation 39 above (Repperger, 
1974; Repperger & Koivo, 1974; Weiss, 1970). 

Definition: Complete Controllability 

The sufficient condition for the system represented by 
Equations 36 and 37 to be completely controllable is 
that the following matrix be of full rank: 

If 

GIGO. ti) = 1 W,, s) B(s) BT(s) f{tf, s) ds, 
*o for t, > to. (3.43) 

Definition: Complete Observability 

The system is likewise completely observable if the 
following matrix is of full rank: 

The inner product definition now extends to the follow- 
ing: 

It is useful to study the time lag system and its adjoint 
system in the complex plane. Figure 8 illustrates the 
pole-zero diagram for the original system Z(t) and its ad- 
joint system a(/) for the scalar time lag example. System 
X(t) can be classified as an infinite dimensional system, 
with its poles having a particular pattern. The mirror 
image about the ju-axis of the pattern is the diagram for 
5(t), the adjoint system. Because the poles of Z(t) and 
a(t) are both ordered, then the time delay system Z(t) is 
considered a hybrid between a finite dimensional system 
(a finite number of poles), as shown in Figure 7, and a 
true infinite dimensional system (such as a partial dif- 
ferential equation system), as shown in Figure 9. For a 
true infinite dimensional system, the pole-zero pattern 
would be scattered throughout the complex plane with 

FIGURE 9. The pole-zero pattern for a true infinite 
dimensional system-a partial differential equation. 

many different curves extending to infinity in various 
directions. 

Final Formulation of the Adjoint Learning Model: 
A Summary 

From the numerous equations in the earlier sections, 
it is useful to select a set of equations to fit those postu- 
lated in Section 1. A time-forward system is needed to 
model action and a time-backward system to model 
perception. The inner product operator demonstrates 
the existence of an invariance that should hold if and 
only if the learning process is successful. Furthermore, 
because learning appears to evolve in a continuously 
cumulative fashion, and one wishes to have a formula- 
tion that relates over time, the time lag system with an 
initial function representation seems quite plausible. Let 
us see how this time lag variable works. 

As argued above, the most general form for the learn- 
ing model would be a time lag system directed forward 
in time to represent the action (control) variable. Recall 

.Equations 38 and 36 in which the initial function +(t) 
represents hereditary changes due to experience. The 
dual, or adjoint variable required to measure perceptual 
learning could be modeled by a t ) ,  which is directed 
backwards in time. Also recall Equations 41 and 42 for 
a(/). The state transition matrices <f>(tJ s) satisfy Equa- 
tions 39-41. Thus, by the earlier definitions, the system 
is completely controllable if Gi(to, tf) of Equation 43 is 
of full rank, and completely observable if Gi(to, ti) of 
Equation 44 is also of full rank. Because the adjoint 
system proceeds backward in time, this seems to be a 
viable model. 
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The invariant rule determined by the inner product 
suggests a measure of the system's innate capacity for 
learning to learn or, conversely, for fatigue: 

Q = <a(t), x(t) > = constant; (3.46) 

Q = xT(t)a(t) + l:x~(t + s) a(t + s) &. (3 -43  

Notice that large values of Q indicate high values of 
coordination between action and perception, which im- 
plies a large capacity for learning to learn. By contrast, 
when Q is small in value, this indicates a low capacity 
for learning to  learn or may be related to subject 
fatigue. 

Summary and Conclusions 

Learning is better characterized as a (possibly non- 
linear) hereditary/anticipatory (Volterra) functional 
than as more simplified models. We have offered rea- 
sons that perceiving and acting must relate as dual func- 
tional~ that reciprocate in a cyclic manner that satisfies 
specific adjointness properties and become self-adjoint 
if intentional l p n i n g  is successful. Arguments were 
presented that a semantic correspondence might be set 
up between certain mathematical properties in the pro- 
posed modeling strategy and the most siflicant char- 
acteristics of any intentional learning process (e.g., cu- 
mulativity, hereditary, and anticipatory influencesA(Sec- 
tion 1). 

An important caveat should be recognized however: 
-' 

No model for the mechanism of intentional learning 
(e.g., fdter model, neural net) has been offered, rather 
only a general strategy for formally representing the 
most lawful aspects of any intentional leaming process 
(Section 2)-the sufficient condition under which such 
learning might be successful. In addition, it has been 
shown (Section 3) that the proposed mathematical 
strategy of using adjoint function& has substantial 
justification in many fundamental theorems of control 
theory (e.g., Kalman's duality theorem and inner prod- 
uct invariant). 

We close by su-g some of these most signifi- 
cant aspects of the intentional dynamics theory of learn- 
ing. 

1. The effects of learning are cumulative, in that 
previo>s experiences facilitate later performance. The 
differential equation system denoted by Equations 
36-38 and 41-42 models this property by the forward 
and backward integration of x(t) and a(t). These values 
determine anticipatory and hereditary influences on 
leaming that accumulate forward and backward in 
time, respectively. 

2. Learning, in the most general case, can be charac- 
terized as intentional modulation of the learner's per- 
ceiving-acting cycle, as predicted from the principle of 
duality (or mutuality, or reciprocity)-the basic princi- 
ple of ecological psychology. The set of Equations 38, 

36, and 41-42 has this effect where x(t) supports the 
past-pending (action) perspective and a(t) supports the 
future-tending (perception) pespective. 

3. From the symmetry of the system to equations de- 
fined over temporal (information/energy) duals, Equa- 
tions 38, 36, and 41-42 imply the perspective duds, 
defmed by reciprocal constraints of the environment 
(instructor) and organism (learner). From points (3) and 
(41, one sees that these equations provide a mathe- 
matically coherent account of an adaptive ecosystem. 
They provide both the motive and means for incorpo- 
rating learning theory into ecological psychology, as 
originally proposed by Shaw and Alley (1985). (See also 
Newell, 1991 .) 

4. Intentional learning consists of three component 
types of learning: action learning, characterized here by 
x(t); perceptual learning, characterized here as a(t); and 
intentional learning, characterized here as the (nonlocal) 
constraint that sets up the inner product <x, a > = a. 
Perceptual learning and action leaming give rise to two 
sets of data points that must change in a coordinated re- 
ciprocal way as the time in the learning situation in- 
creases, if learning the task intention is to be successful. 
This results in their inner product remaining invariant 
over the learning, that is <x, a>  = a constant, 
whenever the boundary conditions defining the task in- 
tention are satisfied. 

5. The boundary conditions for the task intention 
(specified by goal parameters) must be passed from the 
instructor to the learner, construed as a self-adjoint 
operator, via the shared forcing function. The forcing 
function, a vehicle for instruction, includes both a con- 
trolling function and an informing function (Figure 4B). 
When these component functions are well coordinated 
by intention over time, as evidenced by their invariant 
inner product, then the learner comes to satisfy the con- 
trollability and observability criteria characteristic of 
successful intentional learning. This point is sufficiently 
important to be underscored. 

If the learner's intention wavers so that hisiher atten- 
tion to the relevant information falters, then this psy- 
chological fault corresponds to the mathematical fact 
that the inner product does not remain invariant, and 
the attempt to leam to  do the task as instructed fa&. On 
the other hand, the successful education of intention 
means that intention does not waver and the inner prod- 
uct invariance is assured. Hence, large changes that oc- 
cur in a = Aa produce large changes in x = Ax. That is, 
large changes in the sensitivity of detection processes in- 
duce large changes in the precision of action-control 
processes. Likewise, small changes in a induce small 
changes in x. 

6. Learning to learn and fatigue effects also have 
natural interpretations within the adjoint systems con- 
text. If Ql = <x, ct > is one experimental condition and 
Q2 = <x, a> another, and if Q, * Q2, then a greater 

March 1992, Vol. 24, No. 1 



R. E. Shaw, E. Kadar, M. Sirn, & D. W. Repperger 

disposition for learning is represented by the fm ex- 
perimental condition. Alternatively, Q2 may indicate a 
condition of greater fatigue for the subject than Q,. 

7. The integrodifferential equations suggested by 
Shaw and Alley (1985) for learning, as depicted in Table 
1, are seen now to apply to the response variable y(t) in 
terms of the trial-to-trial variables x(t) and take the 
general form: 

y(t) = h ( t )  + 1 ~ ( t ,  s) x(s) ds. (3.48) 

This is satisfied by Equations 38, 36, and 41-42, as can 
be easily shown. 

8. The ecological approach to psychology argues that 
there should be a duality between action and perception. 
The equations for x(t) and a(t) given here, indeed, are 
duals in a strict mathematical sense. If x(t) is completely 
controllable, then a(t) is completely observable. If x(t) is 
completely obsewable, then a(t) is completely con- 
trollable. Thus, orthogonally adjoint systems provide a 
rigorous mathematical formulation of this most fun- 
damental assyption of the ecological approach and 
the fundamental law of intentional dynamics. 

Figure lqa) depicts the asymptotic learning curve 
derived from measurement of change in the action 

Q = constant = Q 
r 

Q = constant = Q2 
t r 

to t f  

FIGURE 10. Diagram of the inner product hvarimt 
that exists between action and perception over successful 
learning (see text for details). 

(energy) variable x(t) over trials = T. Figure lo@) 
depicts the corresponding dual learning curve derived 
from measurement of the adjoint perception (informa- 
tion) variable (t) over trials = tf - T. Figure lqc) shows 
the curves resulting from the inner product operator = 
<x(t), a(t)> = a, a constant over the successful leam- 
ing session. Relatively high Q values, (Q,), represent 
learning to leam, whereas relatively low values, (QJ, 
represent fatigue or low capacity for learning. (Note: 
This is not the Q value of Kugler & Turvey, 1987, but 
may be related. A mathematical derivation would be re- 
quired to draw this conclusion, however.) 

9. Because action response measurements tend to sta- 
bilize with time (e-g., error scores on the same task with 
repeated trials), then, conversely, one would expect the 
processing of perceptual information, the dud of the 
action variable, to &%it unstable response character- 
istics. Figures 1qa-c) illustrate the form of the relatidn- 
ships these variables take. One can notice from Egure 8 
that if x(t) is stable (left-half plane pole), then a(t) 
should show unstable characteristics (right-half plane 
pole). Thus, if x(t) is asymptotically stable in time, a(t) 
should show an unstable solution. This may help to ex- 
plain goal gradient effects, that is, why uncertainty de- 
creases and energy expenditure increases as the organ- 
ism approaches its goal. Figure lqc) illustrates how this 
effect of the proportionality of perception and action is 
an invariant quantity determined by the operation of the 
inner product operator Q on x(t) and a(t). Notice that 
Q, the measure of the disposition to learn, is illustrated 
for both high and low values of Q. 

These are some of the main properties revealed by a 
fxst pass on the adjoint approach to intentional learn- 
ing. Future efforts should be directed toward seeking 
empirical evidence for the parametric interpretation of 
the system of dual function& that underlies this ap- 
proach for specific learning tasks. One such effort has 
already begun. This is described next and used as a vehi- 
cle for an interesting generalization. 

Minimal Covariant Coupling as Lawful Bask of 
the Kinematical& Specwed Dynamics (KSD) Principle 

A paradigm of extreme interest to our adjoint systems 
approach has been recently developed by Richard 
Schmidt in Michael -Turvey9s Action Laboratory at The 
University of Connecticut. This paradigm exploits the 
fact that the controlling (directive feedforward informa- 
tion) and informing (corrective feedback information) 
functions have a dual phasic relationship across I and L 
systems via their shared forcing function. Except, here 
there is only an information coupling of the two systems 
so that no active or reactive forces exist. Here, strictly 
speaking, there is no forcing function in the usual sense! 

In this paradigm, social dyads are coupled by visual 
rather than haptic information. The task of the learner 
is to be visually instructed to swing hidher self- 
controlled pendulum (a leg) in phase or out of phase by 
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seeing how the instructor swings hidhe: manually con- 
trolled pendulum (a leg). Our discussion also fits self- 
instructional paradigms, such as the Kugler A d  Turvey 
(1987) bimanual swinging pendula task or the Kelso, 
Schoh, and Sch6ner (1986) paradigm that uses bi- 
manual oscillation of two index fmgers. Thus, instruc- 
tor-learner interactions are strictly kinematic; there are 
no  kinetics in the forcing function. 

Nevertheless, for the leamer to succeed in the task of 
learning to swing hidher pendulum in phase o r  out of 
phase with the instructor's pendulum, there must be a 
self-adjoint (Green's) operator defined on the control- 
ling and informing functions that are somehow support- 
ed by the kinematically defined forcing function; that is, 
"light must get to the appropriate muscles" (see 
Schmidt, lm, for details). Kugler and T w e y  (1987) 
have spoken of such informational couplings as "soft" 
(kinematic) couplings, as opposed to "hard" (kinetic) 
couplings whenever there is no mass term in Newton's 
law. Let us suggest one way this might work. 

If one takes literally the absence of a mass term in 
Newton's law, then one has FL = aI (rather than F = 
ma), where FL Wecifies the learner's controlling forces 
needed to d o  the task and al specifies the instructor- 
produced instructional kinematics. Clearly, this for- 
mulation leaves the forcing function undefmed. A bet- 
ter formulation incorporates the dual influence 
(Green's) functional required for the task intention by 
defining it over the following kinematically specified 

-* forcing function 

FL/kmL = a,, where kmL = mI, 

and k is a scaling factor that relates the masses in the 
L-pendulum system to the masses in the I-pendulum 
system. 

Hence, the concept of  this forcing function is more 
aptly described as a minimal covariant coupling, which 
is satisfied whenever the I-tool system commutes with 
the L-tool system (say, in the sense of their Lie bracket 
product being zero or  their covariant derivative being 
symmitrical in the manner described by Shaw et al., 
1990). The notion of the forcing function as a covariant 
coupling constrasts sharply with the notion that it is a 
very low energy coupling, say, in the sense of entrain- 
ment. This covariant view provides an explicit formula- 
tion to Runeson's so-called KSD principle, which asserts 
that dynamics can be kinematically specified muneson 
& Frykholm, 1981). 

In other contexts, we have called this a reciprocity 
mapping (Shaw et al., 1990) and k the common 
ecometric bases to information detection and energy 
control measures (Shaw & Kinsella-Shaw, 1988). If in- 
tention, as an abstract dynamicd invariant, is to be 
made explicit, the action over the coupling must then be 
a generalized Hamiltonian (in the sense of Shaw et al., 
1990) rather than an ordinary Hamiltonian. Viewed in 
this way, the Schmidt ( I M ) ,  Kelso et al. (1986), and 

Kugler and Turvey (1989) paradigms exemplify inten- 
tional pendulum tasks andogous to our intentional 
spring task. Both tasks come under this ecometric 
rubric, with the leamer performing the task successfully 
if and only if task intention is a conserved quantity ' under a (self-)instructing function in lieu of the usual 
forcing function. The pertinent question, of course, is 
what tasks d o  not fall under the purview of the propos- 
e d  theory of intentional dynamics. 
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APPENDIX A 

Absorbing the Forcing Function 

The leamer system is allowed to wrest control from the in- 
structor by incorporating the forcing function into its own 
boundary conditions and, hence, intentionahzing them in the 
process. The system takes the following form: 

Solution y for this system depends on the forcing term g(t). 
The hear operator L on the left-hand side of Equation A.1 
can be used to represent the ODE on the right-hand side. Us- 
ing the operator notation, one can translate the ODE problem 
into another problem defined in Hilbert space. Finding a solu- 
tion for our differential equations becomes a problem of find- 
ing functions in the Hilbert space of double differentiable 
functions that are mapped by L into g(t). 

The mathematical techniques used to transfer this goal- 
specific control from the instructor system to the leamer 
system involves the weU-known fact that nonhomogeneous 
SODEs with homogeneous boundary conditions can always be 
put into a homogeneous form with inhomogeneous boundary 
conditions. This is accomplished by reformulating the bound- 
ary conditions that the equation must satisfy so as to 
"absorb" the controlling influence of the operator's forcing 
function. Formally, this requires the knowledge of a particular 
solution to Equation A.1. The well-known mathematical 
theorem says that, with the help of a particular solution, the 
task to find any other solution is reducible to the task of find- 
ing solutions of the homogeneous equation 

The general solution of Equation A.1 can be expressed with 
the linear combination of any two independent solutions of 
Equation A.2 and a particular solution of Equation A.1. 
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One may translate this formal decomposition of solutions into 
the language of ecological psychology. Finding a particular 
solution means proving the viabiity of the .required action, 
that is, showing that the initial inner product between informa- 
tion detection (observability) and action control (controllabili- 
ty) that held for the instructor-spring system as a self-adjoint 
system remains invariant when passed to the learner. Learning 
means that the learner-spring system has successfully searched 
the functional space of solutions to the homogeneous equa- 
tion. 

Getting rid of the forcing function as an extrinsic influence 
accomplishes the fwst step in intentionalking a dynamical 
system. But how are the other outside influences eliminated, 
the boundary conditions, so that the system might become in- 
tentionally autonomous? This problem is a d d r d  next. 

Absorbing Boundaty Conditiom me Sturn-Liouville Theov 

Two important points need to be noted about natural 
boundary conditions and the relationship they have to dif- 
ferential equations used to capture the kiws of nature: F i t ,  a 
differential equation alone, without boundary conditions, can- 
not provide a unique solution. But boundary conditions are 
not part of the law that might be expressed in differential 
terms. Rather, they are logically complementary to the law 
and, therefore, must be added as extrinsically imposed con- 
straints on the system. ". . . from the physical standpoint a 
'boundary condition' is always a simplified description of an 
unknown mechanism which acts upon our system from the 
outside. A completely isolated system will not be subjected to 
any boundary conditions" (Lanczos, l%l, p. 504). 

Second, learning entails the assimilation of intention from 
one system by another system. This assimilation process can be 
interpreted as implying that the boundary conditions become 
absorbed into that system's dynamical equation. But this can- 

-' 
not happen in the case of differential equations. Integro- 
differential equations, however, have no boundary conditions 
outside the limits placed on its kernel transform. The absorp- 
tion process can be accomplished as follows: 

Equation A.2 is said to be exact if it can be written in the 
form 

where f(t) is expressed in terms of p(t), q(t), and r(t). J3y 
equating the coefficients of the above equations, and then 
eliminating f(t), one finds that a sufficient and necessary con- 
dition fpr exactness is 

If a linear homogeneous SODE is not exact, then it can be 
made so by multiplying by an appropriate integrating factor 
$1. For this, one needs s(t) such that 

which can be written as 

Again, by equating coefficients in these two equations and 
then eliminating f(t), one diiovers that the function s must 
satisfy 

This is the adjoint equation to the original Equation A.2. 
For a large class of physicaUy meaningful equations, it can 

be shown that the original equation has an adjoint whose ad- 

FIGURE 11. Boltzmann's superposition principle: 
Stress as a superposition of impulse strains. 

joint is the original equation. This is called a sev-adjoint equa- 
tion. The original equation stated above is a case in point. It 
can be shown that the condition for Equation A.2 to be self- 
adjoint is that 

A very useful fact is that any SODE can be made self- 
adjoint by multiplying from the left by 

exp j v  . (A. 10) 

Because the concept of Hiibert space and the L linear operator 
on it has been introduced, one can talk about eigenvdues and 
eigenvectors (eigenfunctions) of this operator. Given this 
theoretical framework, it is natural to seek a solution of L[y] 
= g by lookiig for L-'-the inverse operator of L, In many 
important cases, it can be found. The inverse operator is an in- 
tegral operator in the form 

L-#k(t)] = j ' ~ ( t ,  v) g(v) dv. (A. 11) 

The G kemal is called the Green's function of the operator L. 
First, the existence of the Green's function needs to be 

guaranteed. The general condition for its existence is that the 
homogeneous equation with the given boundary conditions 
must have no solutions that are nondegenerative. Generally, 
fmdiig the Green's function is not a simple problem. For a 
Sturm-Liouville system, however, 

A Green's function can always be found by means of the 
following theorem: 

Theorem 1. Suppose that the system given by Equation A. 12 
has no null eigenvalues (i.e., has only a nondegenerative eigen- 
function) on the interval [a, b], and assume the imposed 
boundary conditions are 

c u(a) + d uf(a) = 0, (A. 13) 

e u(b) + d uf(b) = 0, (A. 14) 

where p(t) > 0, dp(t)/dt exists and is continuous in [a, b], and 
f(t) is continuous in [a, b] where {f(t) â C[a, b]}, c, d, e, and f 
are non zero. Then, for any f(t) â C[a, b], the system has a 
unique solution, 

u(t '1 = 1 ' ~ ( t  t) g(t) dt, (A. 15) 
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where G(t I, t) is the desired Green's function given by 

where the ui(tl) functions are nonzero solutions to the 
homogeneous system given by Equation A. 12, with the bound- 
ary conditions specified by Equations A.13 and A.14, and 
where W(t) is the Wronskian. Thus, notice that the given 
boundary conditions, as extrinsically imposed requirements on 
the ODE representation of the system represented by Equation 
A.12, are now absorbed into the IDE representation given by 
equation A.15. 

APPENDIX B 

Expressing Hereditaty Influences by Means of ID& 

Hooke's law (F = - kx) provides a simple linear model for 
elastic materials. Practically speaking, however, there is no 
pure elastic material. Traditionally, viscous materials are con- 
trasted with elastic materials. Experimental data show that ma- 
terials are neither viscous nor elastic, but rather viscoehtic. 
They exhibit a variety of hereditary effects at different time 
scales. The more &astic the material, the longer the time scale 
required to produce a hereditary effect. On the other hand, the 
more viscous the material, the shorter the time scale to pro- 
duce the effect. 

Originally, Hooke's law was formulated to describe the 
force versus elongation relationship for a simple spring. In 
reality, however, the k value is apt to change, even though in 
the original equation, F = - kx, k is treated as a constant. The 
description given below can be found in any basic book of con- 
tinuum mechanics. The Volterra model is an integro- 
differential form that specifically for viscoelastic materials 
takes the generic form 

where u is the stress, k is the viscoelasticity (so-called relm- 
tion) parameter, and c is the amount of strain. The indepen- 
dent variables are: the spatial variable x, which is mostly cons- 
tant, refers to the assumed homogeneity of the materia, t and 
r both denote time variables. Thii equation can be derived 
simply by using Boltzmann's superposition principle. That is, 
the integral denotes the superposition of small stretch im- 
pulses. To simplify the explanation, one assumes homogenei- 
ty. In this way, one eliminates the x variable. One also assumes 
that e is differentiable with respect to time, which yields 

O(t) = K(t, - m) â‚ - =) + 1 ' K(t, 7)i(7) d7, - m 

In many cam, 4 - m )  vanishes, which leads to further 
simplification 

or to the equivalent form 

where K(t, 0) ~(0)  represents the initial condition before the 
.- : ,- hereditary change starts. These equations are simply the con- 

densed form of Figure 11, illustrating Boltzmann's superposi- 
tion principle. 
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