
A Primer on the Use of Intentional
Dynamics Measures and Methods

in Applied Research

Ittai Flascher
Department of Neurobiology

Weizmann Institute of Science, Rehovot, Israel

Robert E. Shaw and Claire F. Michaels
Center for the Ecological Study of Perception and Action

University of Connecticut

Oded M. Flascher
Science Applications International Corporation

San Diego, California

Intentional dynamics is a modeling framework that provides methods and measures
with which to evaluate and predict goal-directed behavior. The authors introduce
the framework by showing how it can be used to solve two general problems in the de-
sign of human–machine interaction as they are encountered by designers of driving
assistance systems. The first problem the authors treat is that of path planning on
tasks in which multiple goals have to be satisfied, necessitating the evaluation of
performance relative to conflicting criteria. The second problem is that of design se-
lection in which designers need to assess the effectiveness of competing designs in im-
proving performance relative to such criteria. The authors close with a small empiri-
cal study testing the predictive validity of the approach.

Optimization principles have been widely used by engineers to plan and improve
the movements and transportation of mobile robots (e.g., Lee, Kim, & Kohout,
2004; Pradalier et al., 2005). Similarly, the trajectories produced by skilled human
actors on many motor tasks, including pointing, writing, and drawing, have been
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shown to optimize performance measures such as task duration, spatial accuracy,
and movement energy, among others (D. Elliott, Hansen, Mendoza, & Tremblay,
2004; Engelbrecht, 2001; Flash & Hogan, 1995; Tanaka, Tai, & Qian, 2004;
Todorov, 2004; Todorov & Jordan, 2002; Vetter, Flash, & Wolpert, 2002; Viviani &
Flash, 1995). However, the assessment and prediction of performance and im-
provement on tasks that require the achievement of multiple objectives (e.g., mini-
mizing time, distance, energy, etc.) remain a challenge across disciplines (Knowles
& Corne, 2004; Shimansky, Kang, & He, 2004; Todorov, 2004).

The approach we propose in this article to overcome these challenges is
rooted in the modeling framework of intentional dynamics (e.g., Shaw & Alley,
1985; Shaw, Flascher, & Kadar, 1995; Shaw, Kadar, & Kinsella-Shaw, 1994;
Shaw, Kadar, Sim, & Repperger, 1992; Shaw & Kinsella-Shaw, 1988; Shaw,
Kugler, & Kinsella-Shaw, 1990). That work has sought to formalize Gibson’s
(1979, pp. 232–235) rules for the perceptual control of action as an optimization
principle of a general performance measure capable of predicting goal-directed
behavior across tasks, environments, objectives, and even organisms. However,
most of the work done to date has focused on the theoretical formulation of such
a measure, which restricted its use in empirical studies and applied research
(Effken & Kadar, 2001). More recently, the focus has shifted to the development
of quantitative measures and methods that are required in the analysis and pre-
diction of performance data (Effken & Kadar, 2001; Flascher, 2004; Flascher,
Shaw, Michaels, & Flascher, 2003; Kadar, Maxwell, Stins, & Costall, 2002). The
aim of this article is to provide an accessible introduction to the use of such
methods and measures of intentional dynamics in robotics, assessment, and pre-
diction of human goal-directed behavior, and the design of human–machine in-
teraction.

We begin by making explicit two general challenges in the assessment of goal-di-
rected performance as they are encountered by designers of driving assistance
systems (DASs). Following that, we will use that example to show how the pro-
posed methods and measures can be applied to overcome those challenges in DAS
design and other applications. We close with a small empirical study testing the
predictive validity of the approach.

CONSEQUENCES OF THE PERFORMANCE
MEASUREMENT PROBLEM TO THE DESIGN

OF DAS MANAGERS

Drivers commonly act to achieve multiple goals such as avoiding collisions, mini-
mizing travel time, saving fuel, and experiencing a comfortable ride (Dia, 2002;
Prokop, 2001; Stanard, Hutton, Warwick, McIlwaine, & McDermott, 2001). To
facilitate the achievement of drivers’ various goals, several DASs such as colli-
sion-avoidance systems, adaptive cruise control (ACC), lane-keeping and chang-
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ing systems, and navigation aids are either currently under development or al-
ready available in cars (e.g., Marchau, van der Heijden, & Molin, 2005; Stevens,
2002). Several additional information and entertainment systems, as well as au-
tonomous driving and parking systems, are being developed by car manufacturers
and in academia and are expected to reach the market in the next few years
(e.g., Aufrère et al., 2003; Pradalier et al., 2005; Yang, Cronin, Meltzer, & Zirker,
2003). The introduction of several DASs, however, necessitates their coordina-
tion and management (i.e., integration). Left uncoordinated, these systems can
demonstrably hurt driving performance by flooding the driver with partial or
conflicting information and warnings, and by adding the operation of their vari-
ous controls to the driver’s already heavy workload (e.g., Piechulla, Mayser,
Gehrke, & König, 2003; Stanton, Young, Walker, Turner, & Randle, 2001;
Takada & Shimoyama, 2001). To guarantee that DASs remain part of the solu-
tion to the challenges of driving, several integration systems are currently being
developed (Rombaut, 1995; QinetiQ, 2003; Wood, Leivian, Massey, Bieker, &
Summers, 2001). These “DAS managers” collect information from the separate
DASs and make automated decisions regarding when and which of their avail-
able assistance capabilities to deploy to best promote the achievement of the var-
ious driving goals. To make deployment decisions, however, DAS managers must
evaluate the extent to which several possibly conflicting goals are satisfied by the
observed driving performance. That has proven to be a difficult problem with ad-
verse effects on the ability of designers to plan driving paths appropriate for driv-
ers as well as to their ability to evaluate the effectiveness of different designs in
improving driving performance.

Path Planning

The first challenge we address is the path planning problem in which the DAS
manager has to decide which path on the road the vehicle should follow (e.g.,
Lauffenburger, Basset, Coffin, & Gissinger, 2003). A typical scenario in which the
difficulty encountered arises when the vehicle approaches another car traveling at
a lower speed in the same lane. Using its sensors, the ACC detects the shrinking
headway and attempts to reduce the cruise velocity. The collision avoidance sys-
tems, however, may attempt to accelerate the vehicle to change lanes and overtake
the slower leading car. The difficulty in deciding which path achieves the goals
better, and therefore should be promoted, stems from the conflicting performance
demands that different goals specify. A takeover maneuver facilitates the achieve-
ment of the shorter travel-time goal yet can do so only by subjecting the driver to
larger accelerations (forces) that violate the goal of maximizing comfort. As a con-
sequence of such tradeoffs among the physical variables to be controlled, no driv-
ing path can completely satisfy all the goals. The DAS manager is therefore gener-
ally left with several possible path alternatives, each of which violates different
goals to different degrees. To choose a driving path, the DAS manager requires a
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comprehensive performance measure relative to which the different alternatives
can be ranked and the “best” (i.e., preferable) path identified. There is currently
little agreement among DAS manager designers, however, on how to construct
such a measure, or how human drivers assess (i.e., monitor) or choose a driving
path relative to their goals (Clarke, Goodman, Perel, & Kipling, 1994; Hansberger
& Holt, 2001; Helander, 1997; Macadam, 2003; Prokop, 2001).

The challenge of establishing a comprehensive performance measure to carry
out a multiobjective path planning in the physical world is by no means unique
to the driving task or to the workings of automated DAS managers. It is, rather,
a general and open problem in the study of human motor control, robotics, and
human–machine interaction (e.g., Fernandez, Gonzalez, Mandow, & Pérez-
de-la-Cruz, 1999; Todorov, 2004). A principled approach to tackling such prob-
lems, therefore, would be of considerable value to the scientific and engineering
communities.

Design Selection

The second challenge we address is that of deciding which of two competing DAS
managerdesigns ismoreeffective in facilitating theachievementof thedrivinggoals.
During the design process, researchers run tests in which participants drive vehicles
equipped with competing designs and measure their relative ability to improve the
driving performance. However, given that several measures are needed to assess im-
provement in performance relative to several goals, each of the competing designs
can be shown to be superior to its competitor by some of the measures and inferior by
others. This indeterminacy, inherent in the assessment of performance by multiple
(partial)measures,hasproventobeageneralobstacle to the identificationandselec-
tion of effective designs in practice; it is termed the performance Measurement Prob-
lem in the literature of human factors engineering (Helander, 1997, p. 10; Prothero,
1994; Sanders, 1991; Vreuls & Obermayer, 1985). In a survey of measures used to
evaluate human–machine interfaces, Prothero (1994) writes,

A chronic problem in the field of interface design is difficulty in measuring how well
an interface performs. In the absence of such measures, the development of good in-
terfaces tends to be an art, with little assurance when one is done that the final prod-
uct is the best possible interface for the given task. The evolution of interface design
from an art to engineering would seem to depend on the improvement of the mea-
sures used to test interfaces. (p. 1)

Therefore, providing a measure by which to quantify multiple-goal achieve-
ment and improvement independent of task would have applications well beyond
the DAS manager and enable the generalization of theories of human performance
across tasks and environments.
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MULTIOBJECTIVE PATH PLANNING

Current Approaches to Measuring Driving Performance
Relative to Multiple Objectives

Drivers’ goals may specify to a DAS manager two types of criteria for choosing a
driving path (e.g., Anderson, 2000). The first type, as in the case of the goal of
avoiding collisions or adhering to traffic laws, is an exclusion criterion (constraint)
specifying which paths are unacceptable and must never be chosen by the DAS
manager. The second type of driving goals, such as minimizing driving time, dis-
tance, and accelerations, is a selection criterion (objective) specifying which of all the
acceptable alternative paths is preferable.

There are several effective computational methods that a DAS manager may
use to identify and discard candidate paths that violate the driving constraints.
Furthermore, when only a single objective is employed as the decision criterion
(e.g., minimize time), several methods are also available for DAS managers to
identify the best path (e.g., Jaszkiewicz, 2001). However, when multiple objec-
tives must be satisfied, DAS managers have to select, for example, between a
path reaching the destination in 5 min, subjecting the driver to 100,000 N, along
a route 1.5 km in length, and another path taking 7 min, 70,000 N, and 2.0 km.
Which is the better path is obscured by the tradeoffs between the competing ob-
jectives (i.e., quick vs. comfortable) all measured using different units and di-
mensions. Choosing the better path depends then on how the different measures
are reconciled into a comprehensive performance measure of goal attainment.
Next, we briefly review the three approaches taken in the literature to establish
such a measure (Knowles & Corne, 2004).

The reductionist approach. One approach taken in the literature for the
selection of a driving path has been to avoid the problem of multiple goals by
choosing a single goal as the decision criterion. Many applications of DAS manag-
ers, as well as autonomous vehicles, are therefore designed to promote paths of ei-
ther minimal duration (Hassoun & Laugier, 1995), shortest distance (Lázaro et al.,
2001), minimal energy consumption (Garg & Kumar, 2002), or minimal accelera-
tions (Lubashevsky, Kalenkov, & Mahnke, 2002).

As effective as this approach is in controlling autonomous vehicles, not taking
into consideration and supporting known users’ goals increases the risk of users’
dissatisfaction and lowers the product’s prospects of gaining widespread accep-
tance. In other words, drivers and passengers may not be impressed with the DAS
manager’s ability to get them to their destination quickly if the driving feels to
them like a roller-coaster ride. From a more general perspective, this approach sim-
ply does not offer a solution to the original problem of path planning in multi-
ple-objective human motor tasks or robotics.
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The weighted sum approach. Another prevalent approach to evaluating
candidate-path performance is to assess how well they achieve each of the objec-
tives separately (minimum time, distance, forces, etc.) and then sum all the mea-
sures into an overall performance score (e.g., Prokop, 2001; Soltani, Tawfik,
Goulermas, & Fernando, 2002). That approach attempts to bypass the tradeoffs
between the different objectives in the combined path selection criterion by con-
sidering some goals as more important than others. Therefore, every performance
measure is assigned a weight (i.e., multiplied by some factor) according to how im-
portant it is and consequently the summed score emphasizes the achievement of
the more important objectives at the expense of the competing goals.

In spite of the apparent simplicity of the approach, designers have to overcome
two challenges before the desired weighted sum can be computed. First, time, dis-
tance, and forces are all quantities of different natures (dimensions) yielding differ-
ent value ranges and units and therefore they cannot be added together (e.g.,
Zhimin, Xu, & Xianyi, 2000). To remedy that, researchers must establish a com-
mon scale for all the measures by defining the best and worst values on each of the
measures and then mapping all these ranges into a common range (e.g., between
0–1). For example, designers may determine that the shortest possible route to the
destination under the prevailing driving conditions is 1 km and that a route taking
5 km is unacceptably excessive regardless of how quick or comfortable it may be.
Therefore, in this case a path 2 km in length may be assigned the score of (2 km – 1
km)/5 km = 0.2. Other measures are assigned scores in the same manner, yielding
pure numbers (i.e., dimensionless) and a common scale of goal satisfaction, allow-
ing the summation of the different performance measures. However, whereas DAS
managers can in many cases estimate the limit on best performance possible on
each measure given the wealth of data on road and traffic conditions available to
them, establishing a maximal tolerance level for the tradeoff (e.g., 5 km) for each of
the measures involves designers’ subjective judgment, which may or may not be ac-
ceptable to different drivers.

Second, the relative importance of objectives is commonly established by con-
sulting “experts” or letting drivers themselves indicate their preferences (e.g., fast
vs. safe driving; Itoh, Miura, & Shirai, 1999; Miura, Itoh, & Shirai, 2002; Youssef,
Sait, & Adiche, 2001). Weights cannot, however, be set according to subjective
preferences or other extrinsic criteria alone. As remarked earlier, quantities such as
time, distance, forces, and energy are physically related in the driving dynamics,
and it is unlikely that even experts can estimate their tradeoffs accurately. For in-
stance, drivers may consider minimal travel time to be their most important goal,
yet they might be hard-pressed to estimate what saving a minute of driving time
would imply for their comfort. Depending on the prevailing road and traffic condi-
tions, saving a minute may involve quite unacceptably erratic driving. Therefore,
even in cases in which drivers explicitly specify their goal preferences, determining
the precise values of the different weights has remained a challenge (Miura et al.,
2002; Uchibe, Yanase, & Asada, 2002; Youssef et al., 2001).
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The ranking approach. A similar approach has been to do away with weigh-
ing different goals by setting a goal hierarchy or dominance. In the hierarchical case,
some goals are considered more important than others, either through reasoning or
explicit user preference, and optimization proceeds according to the order of impor-
tance (e.g., Fernandez et al., 1999). For example, it may be assumed that conserving
fuel is more important than shortening driving time in some application; accord-
ingly, a set of paths is sought in which energy consumption is small, and from among
those, the ones with short durations are selected for further consideration. There-
fore, the order of optimization plays a major part in determining which paths will be
seen as the solution to be promoted by the DAS manager. Consequently, in cases in
which there is not a single dominant goal, or in which the dominance relationship
among paths is debatable, the hierarchical approach may not be effective.

In an alternative and often used ranking method, the preferred paths are those
that satisfy most of the goals. More precisely, the paths selected are those that are at
least as good as their competitors on all the goals, and better on at least one goal (i.e.,
Pareto optimality, Tan, Chew, & Lee, in press; Yuhara & Tajima, 2001; Zitzler &
Thiele, 1999).Unfortunately, thismethodgenerally yieldsa setofpaths (i.e., a front)
that are equally valid under the rule, and additional criteria or a weighting technique
must be further applied to choose among them. Furthermore, in many cases encoun-
tered in practice, competing paths are better than the alternatives on some of the
measures and worse on others, and, therefore, cannot be ranked under the rule.

A Proposed Measure for Multiobjective Path Planning

Letusassumethat the threefolddrivingobjectivesare tokeep thevaluesof force,dis-
tance, and time to a minimum. Then the product of force · distance · time yields a per-
formance measure that is minimal when all the driving objectives are satisfied by a
driving path and increases for every violation of any goal. Therefore, this physical
quantity, termed action, does not require subjective criteria for its computation, nor
does it require estimations of the physical tradeoffs between competing objectives,
because those tradeoffs are expressed in the overall measure (i.e., product). Action
hasbeenshowntobeminimized(i.e., stationary) in themotionsofalmostall physical
particles, and the principle of least action is consequently considered as possibly the
mostgeneralprinciple inphysics (e.g.,Tiffoli, 2003;Yourgrou&Mandelstam,1968).
Furthermore, the principle has been used to explain and predict phenomena in biol-
ogy as well as skilled human drawing movements (Behera, 1996; Lebedev, Tsui, &
vanGelder,2001).However, touseactiontoassessandpredictgoal-directeddriving,
a number of changes to the usual definition of action have to be made.

To see the issues of interest clearly, we neglect much of the complexity inherent
in a realistic car model (e.g., Miano, Gobbi, & Mastinu, 2004) and consider a (col-
lision-free and legal) driving path [q] = {qt|t0 ≤ t ≤ tf} as a sequence (i.e., series) of
the car’s position in two dimensions q = {x, y} (e.g., the car’s center of mass) from
the 0th time slice, at which the car is at rest at the origin, to the final time slice f, at
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which the vehicle arrives at the destination. To minimize forces (mass · acceleration)
along a path, the DAS manager (or driver) has to control two components of accel-
eration. The longitudinal (Tangent) component arises from changes to the car’s
speed caused by the pressing on the brake pedal or the accelerator.1 The lateral
(Normal) component of the acceleration, , arises from moving the steering
wheel and changing the car’s direction of motion.2 However, in the traditional defi-
nition for the product of force · distance, known as physical work,

only speed changes are considered (e.g., Marsden & Tromba, 1996,
pp. 402–404), where m is the mass of the car. Therefore, the action measure

which should include all the measures to be minimized by the driving path, does
not account for all the forces and the Normal component,

must be added to the usual action calculations (see also Lebedev, et al., 2001):

Furthermore, the values of the traditional work Wt are negative whenever the
car is decelerating and reduce the (total) action value for the path. However, driv-
ing comfort is affected by both acceleration and deceleration alike and action
should increase for either violation of the goal. That is achieved by taking the abso-
lute value of the change in speed:
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1Explicitly, is the (tangent) component of the acceleration quantifying the
rate of change in speeds between two time slices ∆t = ti – ti–1, where t is any time slice t0 < ti ≤ tf and

speed .
2 , is the Normal component of acceleration quantifying the rate of change in the direc-

tion of motion, where . is the path’s curvature, . is the (unit) tangent vector
specifying the momentary direction of movement along the path, is the rate of change in
direction, and is the vector norm (i.e., length, magnitude; e.g., Stewart, 1994, p.725).
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Summing the different components of the action, we get a measure that will
take into account every violation of the goals mentioned:3

So far we have assumed that drivers prefer driving paths that maximize speed to
satisfy their goalofminimizing time.Wehave furtherassumedthat themaximaldriv-
ing speed is constrained by the posted speed limits. Research has shown, however,
that drivers act so as to maintain a preferred speed that is a function of additional
variables such as road conditions, traffic regulations, and the distance from other ve-
hicles, among other factors (e.g., Brockfeld & Wagner, 2003; Lubashevsky et al.,
2002;Prokop,2001;Treiber&Helbing,2000).Therefore,maintaining thepreferred
driving speed is a separate and concurrent driving objective with minimizing travel
time, and may or may not be below the legal speed limit (e.g., Comte, 2000; M. A.
Elliott, Armitage, & Baughan, 2004). Consequently, action should include an addi-
tional term that increases for violations of that objective. Although in practice DAS
managers have sufficient data on the driver, road, and traffic conditions to estimate
the driver’s preferred speed value by one of the models given in the literature (e.g.,
Brockfeld&Wagner,2003;Treiber&Helbing,2003)wesimplify thepresentationby
equating the preferred speed to the road’s speed limit :

The deviation in speed from the preferred value at every time slice is evaluated
in terms of the absolute difference between the car’s kinetic energy, , and
the preferred one. Multiplying the energy deviation by time yields an action quan-
tity that may be summed with for a comprehensive measure of goal perfor-
mance, which we term total-generalized-action (TGA). The DAS manager may
then use the minimization of TGA as the criterion for selecting the path that best
satisfies all the goals:
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torque). That component of the action is achieved by the (inner) product of the torque along the angu-
lar displacement of the car (multiplied by time). We also do not treat fuel consumption minimization in
this introduction due to the modeling complexity involved. For a treatment of fuel consumption
minimization and its relations to engine and limb torques see, for example, Garg & Kumar (2002) and
Prokop (2001).
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To illustrate how TGA will reflect driving violations of the objectives, let us as-
sume that the vehicle starts from rest at the origin {0,0} and must travel within a
wide single-lane road to a destination located at grid point {170,170} with a speed
limit close to 90 km/hr.4 For a path maximizing speed at every time slice (∆t = 1
sec), and therefore never violating the goal of time minimization, the kinetic differ-
ence S∆KE of TGA remains zero as can be seen in Table 1.5 However, to achieve
maximal speed in one time slice, a very large acceleration is required that increases
TGA through SW.

As a second example, a car may travel at a constant speed along a meandering
(zigzagging) path but that will increase the action cost due to the repeated changes
in direction and deviation from the preferred (maximal) speed, as well as increas-
ing the distance and time of travel, as shown in Table 2.

Therefore, a path that minimizes TGA, the path described in Table 3, is the one
that balances the action between minimizing time and increasing speed gradually
(smoothly) until the car travels at the preferred maximal speed, along the shortest
route, in the direction of the destination.

We introduced TGA in the context of a simplified driving task. Nevertheless,
there is nothing in the measure’s definition that makes it specific to a particular
task, environment, or the actor (i.e., a human or a robot). Therefore, the measure
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4Because whole numbers are easier to follow, we set the maximal speed at 86.6 km/hr instead of 90,
which translates into 17 m/sec along each of the axes. To further simplify the presentation, we took the
mass of the car to be 1 kg to avoid the large values involved in the computations of action for the motion
of a realistic passenger car (500 ≤ m ≤ 1,500 kg).

5Measuring time in seconds, distance in meters, and the mass of the car in kilograms yields an action
unit of [joule · second], where a joule is the amount of energy exerted when a force of 1 N is applied over
a distance of 1 m. One Newton is the amount of force required to accelerate a mass of 1 kg at a rate of 1
m/sec squared.

TABLE 1
Tradeoffs Between Maximizing Speed and Minimizing Accelerations

Time Slice x,y S∆KE

0 0,0 — — —
1 17,17 0 578 578
2 34,34 0 0 0
3 51,51 0 0 0
4 68,68 0 0 0
5 85,85 0 0 0
6 102,102 0 0 0
7 119,119 0 0 0
8 136,136 0 0 0
9 153,153 0 0 0

10 170,170 0 0 0
Sum — 0 578 578 1,156
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may be applied to the evaluation of goal-directed performance in general. For ex-
ample, TGA may be applied equally well to assess the task performance of a waiter
acting to minimize delivery time while minimizing accelerations to avoid spilling
the drinks he is carrying. Furthermore, TGA may be applied to path planning un-
der different objectives. For example, car racers’ objectives will normally not in-
clude driving comfort, and instead racers will act to maximize their accelerations to
minimize time. Given those objectives, TGA will not include in the total sum,
and will be minimized when speed is increased as quickly as possible. In another
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TABLE 2
The Different Components of TGA for a Zigzagging Path

Time Slice x,y S∆KE

0 0,0 — — —
1 16,17 16.5 545.00 545.00
2 33,33 16.5 0.00 33.02
3 49,50 16.5 0.00 33.02
4 66,66 16.5 0.00 33.02
5 82,83 16.5 0.00 33.02
6 99,99 16.5 0.00 33.02
7 115,116 16.5 0.00 33.02
8 132,132 16.5 0.00 33.02
9 148,149 16.5 0.00 33.02

10 165,164 32.0 15.27 47.64
11 170,170 258.5 116.07 9.33
Sum — 439.0 676.34 866.13 1,981

TABLE 3
Minimization of TGA in Our Example Is Achieved by a Gradual Increase

in Accelerations at the Cost of an Additional Time Slice

Time Slice x,y S∆KE

0 0,0 — — —
1 2,2 285 8 8
2 17,17 64 390 0
3 34,34 0 68 0
4 51,51 0 0 0
5 68,68 0 0 0
6 85,85 0 0 0
7 102,102 0 0 0
8 119,119 0 0 0
9 136,136 0 0 0

10 153,153 0 0 0
11 170,170 0 0 0
Sum — 349 466 8 823

�S �S Ŝ
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case, a soccer player may intend to kick the ball with as much force as possible yet
the direction of the ball’s flight may be all important, requiring in the calcula-
tion of TGA. Therefore, TGA is goal-dependent measure of performance where the
task’s objectives implicate the components to be included in the sum.

It remains to be determined empirically, however, whether human actors in fact
travel paths that minimize TGA as they become experienced in driving or perform-
ing any other goal-directed task. The DAS manager can only identify drivers’ pre-
ferred (optimized) paths and correctly anticipate drivers’ assistance needs if the im-
provement in human goal-directed performance is predicted by a principle of least
TGA. We test this prediction later, after making explicit how we measure improve-
ment in terms of TGA.

DESIGN SELECTION

As a human assistance system, a DAS manager design is evaluated primarily in
terms of its effectiveness in facilitating improvement in drivers’ performance. There
is more than one way in which drivers’ performance may be improved, however,
and we need to clarify how the different forms of improvement are measured and
used in design selection. Let us assume then that a driver is asked to drive several
times a day to a given destination and that the test is repeated on several consecu-
tive days. The onboard DAS manager computes and records the value of TGA for
every driven path (trial) and the data are examined at the end of each day to deter-
mine whether driving performance has improved. Let us consider the data in Fig-
ure 1 as depicting the relative frequencies with which different values of TGA were
observed on a given day.

Because TGA measures the violations of the goals, one way that improvement
in driving performance can manifest itself is in decreasing TGA values over time.
In other words, over test days, the distribution of TGA values or a measure of its
central tendency (e.g., mean, median, mode, etc.) will displace toward the origin.
DAS managers, however, cannot be selected according to such a measure of driv-
ing improvement for two reasons.

First, there is currently no known theory by which to determine how close to the
origin any given driver’s TGA distribution may reach on any given day. Therefore,
when displacement is no longer detected, designers cannot tell whether it is due to
the success of the DAS manager in bringing the driver to perform at his or her very
best (beyond which the driver cannot improve), or whether the design fails to opti-
mize performance. Second, driving is a life-critical task and therefore improving
performance on the average drive is an inadequate criterion for a design’s effective-
ness; each drive is a new and separate challenge and the DAS manager is required
to improve performance on most drives, if not all.

A second type (dimension) of improvement is therefore given in the change of
the relative frequencies with which different TGA values are performed over time.
In Figure 2 samples from two TGA distributions are compared.
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FIGURE 1 A sample of a Gaussian-like distribution.

FIGURE 2 Comparing samples from a Gaussian (light) and Exponential (dark) distributions.



The Gaussian distribution shows driving performance that was rarely very good,
mediocre on most drives, and seldom very bad. In contrast, the Exponential distri-
bution indicates that the driver has performed close to his or her best most fre-
quently and the occurrence of badly performed paths fell off rapidly. Therefore, the
more effective DAS manager design is the one that brings most drivers to maximize
the frequencies of minimal TGA drives in the shortest period of time, whatever
their minimal value may be on any given day. More specifically, the effectiveness of
the DAS manager can be measured by the rate of convergence from the TGA dis-
tribution observed on the first day to the exponential distribution, which minimizes
TGA (i.e., the sum of TGA of all the paths performed in a day). However, as we re-
marked earlier, it remains to be determined whether the TGA distribution on
which actors converge with experience is in fact the exponential one. We test that
prediction next.

TESTING THE PREDICTIVE VALIDITY
OF A LEAST TGA PRINCIPLE

We now test the feasibility of the approach and the predictive validity of the princi-
ple using a human motor-control task. In our small study, 4 participants used a joy-
stick to move a graphically displayed sphere to a visible target (see Figure 3).6 Par-
ticipants were asked to displace the moveable sphere to the target sphere in
minimum time on every trial, and to press a trigger to stop the timer and move on
to the next trial. Each participant performed 10 sessions of 500 trials on different
days.

To test the hypothesis that improvement in goal-directed performance follows
(i.e., is predictable from) a least TGA principle, the distance between the observed
and the exponential TGA distributions was computed for each session, and a sta-
tistical analysis was run to determine whether distances shrunk as the number of
sessions performed increased. Pictorially, convergence will appear as a change over
sessions in the shape of the observed distribution from a Gaussian-like distribution
toward the exponential one, as shown in Figure 4.7

The details of each step in the analysis are made explicit in the following.

Computing a Path’s TGA

The first step in the analysis is to compute TGA for each observed path (trial),
where a path is a sequence (series) of the sphere’s position in two dimensions
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6More details on the experimental methods can be found in Flascher (2004).
7We chose a smaller unit of action to quantify the dynamics of this fine motor control task than the

[J · s] we used in the driving example. Given the sampling rate and spatial resolution of our measuring
device, time was measured in units of 10 msec, distances in units of .03 mm, and mass in units of  1 g.
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(determined by the joystick’s handle position) sampled 100 times per second (∆t =
10 msec). Trials (data collection) always started with the sphere (the handle point-
ing away from the participant) at the origin (at t = t0) and terminated when the
trigger was pressed (at t = tf).

To compute a path’s TGA we note that the goal of minimizing time specifies
only two components of the measure that a path must minimize:

In words, to reach as quickly as possible from the origin to the target, the partici-
pant must make the sphere travel along the shortest route, in the direction of the
target, at the maximal speed possible, on every time slice.8 Any slowdown would
increase S∆KE, and any unnecessary directional changes away from the shortest
path would increase the S⊥ component of TGA. In contrast, changes to speed are
desirable under the given goal to achieve maximal speed as quickly as possible and
therefore, S||, which increases with speed changes, is not included in the overall
measure.

Unlike our driving example, however, in which drivers practically always reach
their intended destination, in this fine motor control task participants may deviate
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FIGURE 3 The experimental setup. A screenshot of the graphics display used in the experiment,
and the force-feedback joystick (Immersion, 2001) used to control the motion of the sphere.
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8The limiting maximal speed in the experimental setup was estimated from the results of an explor-
atory study in which participants attempted to move the handle as quickly as they could (without a dis-
play or any constraints). None of the participants in either the exploratory study or the experiment ex-
ceeded 2.5 m/sec on any time slice. Almost all trials lasted under half a second.��maxq



from the target at tf. Another objective of the task is, therefore, minimizing the de-
viation from the target. For such tasks, research has suggested that target devia-
tions are a function of the energy and time costs of performing corrective move-
ments to close that gap (D. Elliott et al., 2004; Sparrow & Newell, 1998).
Therefore, to account for target deviation we add another action term in TGA by
generating (simulating) a path starting from the last

272 FLASCHER, SHAW, MICHAELS, FLASCHER

FIGURE 4 The distributions of TGA over a sequence of sessions performed by Participant 3.
On Session 5 the Gaussian-like symmetry (around the central tendency) of the distribution is
broken and the light (gray) observed distribution begins to show increasing convergence toward
the optimal distribution (black).
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observed position qf to the target as quickly as possible (according to the goal of the
task) and computing for that portion (see the Appendix for more details on
how paths were simulated). Consequently, TGA for this multiobjective task is
given by the sum of the observed (retrospective) and simulated (prospective) action
components:

Computing the Observed TGA Distribution

To determine the observed probability distribution we divide the relative frequen-
cies of each TGA value observed in the session by the total number of trials per-
formed. The joystick we used, however, is an extremely sensitive device capable of
registering a .03-mm change in handle position. This spatial resolution is much
finer than what humans can control, and therefore goal-directed behavior is not
measurable at that precision level; if one attempts to hold the handle completely
still, the path registered is nevertheless a random walk. Consequently, participants
could never repeat the same precise TGA value twice in a session; therefore, TGA
values not differing by more than 1% of the distribution’s standard deviation were
binned together for determining frequencies. Binning reduced the number of dif-
ferent TGA values observed in a session from 500 per session to between 300 and
400 bins.

Computing the Predicted (Optimal) TGA Distribution

The principle of least TGA predicts that as the number of trials N increases, the
observed TGA distribution will converge on the exponential distribution:

where,

In words, the probability of observing any possible value of TGA ( ) in a ses-
sion will approach the Boltzmann optimal (equilibrium) distribution as more ses-
sions are performed (see, e.g., Kirkpatrick, Gellat, & Vecchi, 1983; van Laarhoven
& Aarts, 1987). Each path [q]j that may be performed in a session is assigned a rel-
ative probability by the (negative) exponent of its measured TGA divided by the
standard deviation σ of the observed TGA distribution. Due to the negative sign in
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the exponent, paths that minimize TGA have the highest relative probability of ap-
pearance. The probability that that TGA value will occur in the session is found by
dividing the relative probability of such a path by the sum of all relative probabili-
ties for all the paths that can possibly be performed Z(σ).

There is a difficulty in computing Z(σ), however, because there are more path
possibilities to sum than we can hope to compute. For example, let us consider only
paths lasting less than half a second (i.e., 50 time slices). At each time slice there
are 600 · 600 spatial positions (∆q = 0.03 mm) that the sphere may occupy (at

) and therefore the number of different paths that could pos-
sibly be performed by a participant is (600 · 600)50 = 6.5332e = 277. Even if we had a
supercomputerof the future thatwasable togenerateandcomputeTGAforatrillion
paths each second, it would still take 2.0717e + 258 years to complete. Conse-
quently, we have to compare the observed distribution to a sample from the
Boltzmann distribution. We use a sampling method known as simulated annealing
(e.g., Aarts, Korst, & van Laarhoven, 1988; Ingber, 1993) to generate a proper sam-
ple of the exponential distribution in the same value range (i.e., minimum and maxi-
mum values) and standard deviation observed at the given session (for details on the
sampling method, see the Appendix). We therefore compare each participant’s per-
formance to the optimal distribution achievable at his or her current capabilities.

Testing Convergence to the Predicted TGA Distribution

The distance between distributions is commonly evaluated as the deviation be-
tween the distributions’ means or other measures of central tendencies (e.g., D.
Elliott et al., 2004). However, measures of central tendency reduce a distribution
into a single point along the (TGA) value axis. As we saw, we need a measure of
improvement along the frequency (probability) axis assessing the distance between
the complete shapes of the distributions. To evaluate the distance between the ob-
served and predicted probability distribution for a session we used the variation dis-
tance measure, also known as the coefficient of ergodicity (Denuit & van Bellegem,
2001; van Laarhoven & Aarts, 1987). That measure is used in the optimization lit-
erature to assess convergence to the optimal distribution:

The measure is computed by summing the absolute difference between the ob-
served and predicted probability values in all the bins along the TGA axis (indexed
by i). When the two probability distributions are precisely congruent, and therefore
the values of the observed and predicted distributions are identical in every bin, D
= 0. When the probability distributions are completely independent and do not in-
tersect (overlap) at any of the bins, the sum is 2; dividing by 2 then yields a proba-
bility measure (i.e., between 0 and 1.0).
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To test for convergence we plotted the D values computed for each of the 10 ses-
sions in the series. We then found the slope, �, of the best fitting (least-squares)
line, as shown in Figure 5. The research hypothesis we would like to test is then
whether the slope of the fitted line is negative (decreasing D values). The null hy-
pothesis for the experiment is, accordingly,

In other words, the null hypothesis claims that the order of the D values in the
experiment is in fact random and that any negative slope observed for any partici-
pant in the experiment is due to chance. To determine whether the observed slopes
are (statistically) smaller than zero we ran a bootstrap test (e.g., Efron & Tibshir-
ani, 1993; Lunneborg, 2000; Noreen, 1989). In that analysis the order of a partici-
pant’s D values is randomly interchanged (permuted) to create a random sample
(order) as the null hypothesis prescribes. �B is then computed for the reshuffled or-
der and compared with the � measured for the participant. A large number of re-
shuffles (NS) are performed and for every sequence (order) that θB is a number
smaller or equal to � a counter (nse) is increased by one. The significance level of
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FIGURE 5 Convergence analysis results for the four participants.
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the test is then given by the ratio p = (nse + 1)/(NS + 1), which gives an estimate
of how abundant slopes of the observed �’s magnitude are in a random distribution
of sequences (i.e., the null distribution). Therefore, only when p values are small
can we be confident that the observed decrease in the distance between the distri-
butions is not a random occurrence.

The p values for three out of the four participants were small (0.083, 0.007, 0.001)
and the null hypothesis can be rejected with some confidence (NS = 1,000,000). No
convergence to the least-TGA distribution was found for Participant 4 (p = 0.776).
Therefore, the results suggest that it is feasible that improvement in goal-directed
performance converges toward the least-TGA distribution for this small sample.

SUMMARY AND CONCLUSIONS

In this article we described how the measures and methods of intentional dynamics
can be used in the practice of applied research. In particular, we showed how a
multiobjective measure of action (TGA) can be used to assess and assist human
goal-directedperformanceaswell as toplanpaths forautonomousmobile robots.We
have further shown how improvement in goal-directed performance can be mea-
sured, and how the distribution of TGA can be used in the identification and selec-
tion of assistance-system designs. However, the appropriateness (validity) of an ap-
proach using TGA to assess and assist human goal-directed performance largely
depends on whether their performance tends to minimize TGA. The results of a fea-
sibility study we ran indicate that three out of four participants showed the tendency
to converge to the minimal TGA distribution when performing a simple motor con-
trol task. Nevertheless, there is still much need for further studies using larger sam-
ples and different tasks and objectives to test the applicability of the approach to the
study of goal-directed human motor control and human assistance in general.
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APPENDIX

Here we outline the process by which paths are simulated and the predicted TGA
distribution is generated.

The simulated annealing method constructs a sample of the predicted (Boltz-
mann) distribution in two stages. In the first stage—the Generating stage—the
method constructs a random series of positions (a path) [q]j that satisfies all the
task constraints. Therefore, in our case the algorithm will generate only paths that
do not violate the maximal speed in the task (or collision-free paths in the driving
example). TGA is then computed for that path, and only those paths with a
value that is within the participant’s observed range are used in further computa-
tions. The algorithm then constructs a new path, [q]j+1, by randomly changing the
position of the (simulated) sphere on a randomly selected time slice. It then com-
putes for the new path.

In the second stage—the Accepting (Selecting) stage—the algorithm decides
which of the paths is accepted as a member of the predicted distribution. The rule
for selecting paths is known as the Metropolis acceptance criterion (Metropolis et
al., 1953): If , then the value of is recorded in the frequency table
(the counter for this value is increased by one). If , is not always re-
jected, as long as the deviation, , is not “large”:

In words, the probability of still accepting the new path (with larger TGA) de-
creases exponentially with increased TGA excess. Sigma (σ) is the standard devia-
tion of the observed TGA distribution and therefore the variability of optimal dis-
tribution is appropriately scaled to the current capabilities (resolution) of the
participant. If is rejected, a counter in the frequency table is increased for the

value. After sampling hundreds of thousands of paths (properly) the frequen-
cies in the table are divided by the number of samples yielding the predicted proba-
bility distribution .

For more information on the Metropolis algorithm and the simulated annealing
method, see the references listed previously and, for example, Aarts and Korst
(1989), van Laarhoven (1988), Landau and Binder (2000, chap. 4), Landau and
Páez (1997), and Martínez-Alfaro and Gómez-García (1998).
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